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Nuclear Spin Readout in a Cavity-Coupled Hybrid Quantum Dot-Donor System
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Nuclear spins show long coherence times and are well isolated from the environment, which are proper-
ties making them promising for quantum information applications. Here, we present a method for nuclear
spin readout by probing the transmission of a microwave resonator. We consider a single electron in a
silicon quantum dot-donor device interacting with a microwave resonator via the electric dipole coupling
and subjected to a homogeneous magnetic field and a transverse magnetic field gradient. In our scenario,
the electron spin interacts with a 31P defect nuclear spin via the hyperfine interaction. We theoretically
investigate the influence of the P nuclear spin state on the microwave transmission through the cavity and
show that nuclear spin readout is feasible with current state-of-the-art devices. Moreover, we identify opti-
mal readout points with strong signal contrast to facilitate the experimental implementation of nuclear spin
readout. Furthermore, we investigate the potential for achieving coherent excitation exchange between a
nuclear spin qubit and cavity photons.
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I. INTRODUCTION

Nuclear spins are promising candidates for quantum
information applications due to their long coherence times
[1,2] that can even be observed up to room temperature [3].
However, the small gyromagnetic ratio of nuclear spins
that renders them well isolated from the environment and
thus underlies their robust coherence also leads to long gate
operation times compared to those reported for electron
spins. Therefore, nuclear spins will most likely find their
application as quantum memories [4,5], either for pure
storage or as buffers for quantum computation purposes.
In many cases, it is beneficial to perform readout directly
on the nuclear spin instead of coherently transferring the
information to another system, e.g., an electron spin [6],
before this system is read out. Particularly with regard to
scalable quantum computing devices, readout relying on
electrical means is favorable over methods depending on
ac magnetic fields.

To a large extent driven by the microelectronics indus-
try, the manufacturing of nanoscale semiconductor devices
has matured during the last decades, and silicon-based
devices have a particularly high potential for scaling.
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Moreover, isotopically purified 28Si material containing
predominantly nuclear spin 0 atoms can be produced and
thus provides an excellent host material for spin qubits
based on the electron spin or single impurity nuclear
spins [6–13].

Circuit quantum electrodynamics (cQED) has been suc-
cessfully used for charge-photon [14–16] and spin-photon
coupling [17–24], as well as the detection of photons
[25]. Moreover, cQED and gate reflectometry lend them-
selves for qubit readout [14,26–33]. Nevertheless, it is an
open question whether or not single nuclear spins could
be detected via a cavity or coupled to cavity photons.
Among the before mentioned achievements in cQED it
is particularly noteworthy that the strong coupling regime
is accessible for the spin of a single electron in a Si
double quantum dot (DQD) subject to a magnetic field
gradient where spin-photon coupling emerges due to an
effective spin-orbit coupling caused by the combination of
the electric dipole interaction and spin-charge hybridiza-
tion [20,21]. The same mechanism can also be used to
realize a flopping-mode spin qubit with full electrical spin
control via electric dipole spin resonance (EDSR) [34,35].
In this system, a longitudinal magnetic field gradient leads
to a shift of the phase and amplitude response of the cavity
transmission depending on the strength of the field gradient
[35]. Motivated by this observation we consider a lateral
architecture consisting of a quantum dot (QD) in a planar
Si/SiGe structure and a single 31P donor implanted in the
Si host material. While this system has been successfully
operated in the multielectron regime [36], we consider the
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single electron regime to form a flopping-mode electron
spin qubit (Fig. 1).

As a consequence, if the electron is confined to the
donor, it couples to the donor nuclear spin via the hyperfine
interaction. In this configuration, we expect the donor to
generate a nuclear spin-state-dependent Overhauser field.
This field constitutes a longitudinal magnetic field gradient
that leads to a nuclear spin state and detuning-dependent
shift of the electron spin transition frequency. There-
fore, the cavity response essentially probing the EDSR
frequency is expected to shift accordingly. Our detailed
discussion of the expected characteristics in the cavity
transmission indicates that the observable signature of the
strong electron spin-photon coupling [20,21] is indeed sig-
nificantly altered by the state of the nuclear spin and could
therefore be used for nuclear spin state readout. This pre-
diction is verified by calculating the cavity transmission
using input-output theory.

Moreover, we investigate the effective excitation-
conserving nuclear spin-photon coupling and find that our
suggested method for nuclear spin readout does not require
strong nuclear spin-photon coupling.

This article is organized as follows. Section II contains
a discussion of the model of the QD-donor system cou-
pled to a cavity mode. In Sec. III we predict the impact
of the donor nuclear spin state on the cavity transmis-
sion, and verify our expectation by calculating the cavity
transmission using input-output theory. Section IV con-
tains the derivation of an effective Hamiltonian describing
the nuclear spin dynamics followed by a discussion of the
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FIG. 1. QD-donor system coupled to a single-mode
microwave cavity. The cavity transmission Ac = 〈aout〉/〈ain〉
reveals the nuclear spin state. The QD-donor energy levels are
detuned by an amount ε and hybridized by tunnel coupling tc.
The spin of the confined electron is subject to a homogeneous
magnetic field Bz and a gradient field bx perpendicular to Bz ,
while the electron charge is coupled to a single mode (ωc) of a
microwave cavity with electric-dipole coupling strength gc. The
electron interacts with the nuclear spin of the implanted donor
via the hyperfine interaction A.

emerging effective nuclear spin-photon coupling. Finally,
we summarize our results in Sec. V.

II. THEORETICAL MODEL

We consider a lateral QD-donor system fabricated in
isotopically enriched 28Si. The QD and donor are aligned
along the z axis, such that a single electron can either be
localized in the QD on the left or the donor on the right
by adjusting the QD-donor energy level detuning ε. QD-
donor tunnel coupling tc results in charge hybridization
near ε = 0. The proposed experimental setup, including
the various interactions, is sketched in Fig. 1. The detun-
ing ε determined by the energy difference between the QD
and donor can be controlled by applying an electric field
in the z direction and by tuning the gates defining the QD
confinement potential. In the presence of a homogeneous
magnetic field Bz and a magnetic field gradient bx perpen-
dicular to Bz, the QD-donor system in the single electron
configuration can be modeled by the Hamiltonian

˜H0 = 1
2 (ετ̃z + 2tcτ̃x + Bzσz + bxσx τ̃z) (1)

with τ̃i and σi the Pauli operators in position and elec-
tron spin space, respectively. The interaction between the
nuclear spin and the magnetic field is neglected because it
is roughly 3 orders of magnitude smaller than all other rel-
evant energy scales [37]. The magnetic fields Bz and bx are
given in units of energy and energy units are chosen such
that � = 1. The donor ground and first excited states are
energetically separated by � 2.5 meV, taking into account
strain effects due to the Si/SiGe interface [38]. On the other
hand, a low-lying excited state, the excited valley state, is
present in Si QDs. However, valley splittings � 50 μeV
observed in recent devices [39,40] together with the pos-
sibility to operate the QD-donor system at temperatures
� 50 mK allow for a negligible population of the excited
valley state. Hence, the valley degree of freedom can be
neglected in our model.

Electric dipole interactions allow us to couple the elec-
tron in the QD-donor system to microwave resonator
photons, described by the coupling Hamiltonian

˜HI = gcτ̃z(a + a†), (2)

where a and a† are the bosonic cavity photon annihila-
tion and creation operators of the relevant cavity mode,
respectively. The charge-photon coupling strength for a
DQD has been found to be of the order of gc/2π ≈ 30
to 40 MHz [20,41]. In the QD-donor scenario we expect
it to be approximately 1/3 of the DQD value, as dis-
cussed in Appendix A. The Hamiltonian for the cavity
mode with frequency ωc is given by ˜Hcav = ωca†a. If the
electron is confined to the donor, the electron spin and 31P
donor nuclear spin couple via the hyperfine interaction.
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The hyperfine interaction strength A = 117 MHz [42,43]
present in bulk Si is significantly reduced to A ≈ 25 MHz
in the Si quantum well of a Si/Si0.7Ge0.3 heterostructure
due to strain effects caused by the Si- and SiGe-lattice mis-
match [38,44]. On the other hand, the donor is ionized and
the electron does not interact with the donor nuclear spin
if it occupies the left QD. Therefore, we can represent the
electron-spin–nuclear-spin interaction as

˜He−n = A
8

�σ · �ν(1 − τ̃z) (3)

with �ν = (νx, νy , νz)
T and νi the nuclear spin Pauli opera-

tors. The factor (1 − τ̃z)/2 is a projection on the subspace
with the electron bound to the donor.

Signatures of the electron spin-photon coupling can
be observed in the cavity transmission [20,21]. We now
investigate whether these signatures will be altered in the
presence of a nuclear spin interacting with the electron spin
via the hyperfine interaction and whether the combined
spin-photon and hyperfine interactions have a potential
application for nuclear spin readout.

To calculate the cavity response, we first transform the
total Hamiltonian to the eigenbasis |±〉 of ετ̃z/2 + tcτ̃x,
with the electron position expressed in terms of antibond-
ing (+) and bonding (−) molecular orbital states because
these basis states are a good approximation for the eigen-
states |n〉, with corresponding energies En of ˜Hsys = ˜H0 +
˜He−n, as illustrated in Fig. 2. Then, the Hamiltonian ˜H =
˜Hsys + ˜HI + ˜Hcav can be written as the sum of a diagonal
part H0 and an off-diagonal perturbation V as H = H0 + V,
with

H0 = 1
2 (�τz + Bzσz)+ 1

8 Aσzνz(1 − sin θτz)+ ωca†a,

(4)

V = bx

2
(sin θτz − cos θτx)σx + A

8
cos θ(σzνz)τx

+ A
8
(σxνx + σyνy)(1 − sin θτz + cos θτx)

+ gc(sin θτz − cos θτx)(a + a†), (5)

where the τi are Pauli operators acting on the space
of bonding (+) and antibonding (−) orbitals, i.e.,
τz|±〉 = ±|±〉. Moreover, we introduce the orbital energy
� = √

ε2 + 4t2c and the orbital mixing angle θ =
arctan(ε/2tc). Here H0 is diagonal with respect to the
basis {|±, ↓ (↑), ⇓ (⇑), n〉}, indicating the orbital state
of the electron (±), the electron spin state (↓, ↑), the
nuclear spin state (⇓, ⇑), and the number of photons in
the cavity mode (n), respectively, while V is purely off-
diagonal in this basis. In order to predict the impact
of the nuclear spin on the cavity transmission, we
derive an effective Hamiltonian for the lower orbital sub-
space defined by the projection operator P0 = (1 − τz)/2,
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FIG. 2. Energy spectrum of the QD-donor Hamiltonian ˜H0
as a function of the QD-donor detuning parameter ε for Bz =
14.5 μeV. The dashed blue lines show the energy levels for
tc = bx = 0 with the corresponding eigenstates denoted by the
electronic position in the QD-donor system, L and R, and its spin
projection (↓ / ↑) along the z axis. Switching on the tunnel cou-
pling tc (here tc = 9 μeV) mixes the L and R states with the same
spin resulting in the bonding (−) and antibonding (+) molecu-
lar orbital states, whose energies are given by the dashed black
lines. Finally, the dotted red energy levels include the hyperfine
coupling to the nuclear spin (eigenenergies E0, . . . , E7 of ˜Hsys).
For this plot, we have used exaggerated values bx = 5 μeV and
A = 1 GHz to emphasize the effects of the magnetic field gradient
and the hyperfine interaction.

which projects on the subspace spanned by the states
|−, ↓, ⇑, n〉, |−, ↓, ⇓, n〉, |−, ↑, ⇑, n〉, |−, ↑, ⇓, n〉 with n =
0, 1, 2, . . ..

As a next step, we apply a Schrieffer-Wolff transfor-
mation to decouple the subspaces defined by the pro-
jection operators P0 and Q0 = 1 − P0 [45] to find the
effective Hamiltonian Heff = eSHe−S, and follow the per-
turbative method presented in Ref. [45] to determine the
block off-diagonal and anti-Hermitian generator S defin-
ing the unitary transformation eS. If one chooses the ansatz
S = ∑∞

n=1 Sn with Sn ∼ Vn, the first contribution (S1)must
obey the relation [45] [H0, S1] = P0VQ0 + Q0VP0. This
relation together with the commutation relations of the
Pauli operators and the bosonic photon operators allows us
to determine S1. The knowledge of S1 is in turn sufficient to
compute the effective Hamiltonian for the subspace defined
by P0 up to second order in the perturbation V [45],

He = P0H0P0 + P0VP0

+ 1
2 P0[S1, P0VQ0 + Q0VP0]P0. (6)

The explicit form of He is presented in Appendix B.
However, for the following discussion, it is essential to
determine transition frequencies as precisely as possible.
To this end, we transform He to a basis accounting for
the electron spin mixing due to the magnetic field gradient
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with the basis states

|↓̃, ⇑ (⇓)〉 = cos
φ

2
|−, ↓, ⇑ (⇓)〉 − sin

φ

2
|−, ↑, ⇑ (⇓)〉,

(7)

|↑̃, ⇑ (⇓)〉 = sin
φ

2
|−, ↓, ⇑ (⇓)〉 + cos

φ

2
|−, ↑, ⇑ (⇓)〉,

(8)

defined by the electron spin mixing angle φ via

tanφ = −bx sin θ
Bz[1 − cos2 θ(A2/8 + b2

x)/(�
2 − B2

z )]
. (9)

Since, here, bx � Bz, the electron spin mixing angle is
small and therefore the states |↓̃(↑̃)〉 are predominantly the
electron spin states | ↓ (↑)〉 up to small contributions of
the opposite electron spin state. Hence, in the following
we refer to |↓̃(↑̃)〉 as the electron spin states. The diagonal
part of the transformed Hamiltonian reads,

He,0 = 1
2 (Eσ̃ + δEσ̃ νz)σ̃z + 1

2 Eννz + ω̃ca†a, (10)

with the Pauli operators σ̃i operating on the |↓̃(↑̃)〉 states
and

Eσ̃ =
√

B2
z

(

1 − (A2 + 8b2
x) cos2 θ

8(�2 − B2
z )

)2

+ (bx sin θ)2, (11)

δEσ̃ =
(

A
4
(1 + sin θ)+ �

Bz
Eν

)

cosφ− Abx cos θBz

8(�2 − B2
z )

sinφ,

(12)

Eν = A2 cos2 θBz

16(�2 − B2
z )

, (13)

ω̃c = ωc − 2
g2

c cos2 θBz

�2 − ω2
c

, (14)

as derived in Appendix B. Since the signatures of the elec-
tron spin-photon coupling that we expect to change due to
the nuclear spin are observed close to resonance between
the electron spin transition and the cavity [20,21], it is jus-
tified to assume that Eσ̃ ≈ ω̃c. Under this assumption, we
can apply the rotating wave approximation (RWA), retain-
ing terms rotating with frequencies � Eσ̃ ≈ ω̃c, and find
that the nondiagonal part of the transformed Hamiltonian
comprises interactions between the electron spin and the
nuclear spin of the QD-donor system and the cavity mode,

He,cav-int = −gσ̃ ν sin2 φ

2
(σ̃+ν+a + σ̃−ν−a†)

+ gσ̃ ν cos2 φ

2
(σ̃+ν−a + σ̃−ν+a†)

+ (gσ̃ cosφ + δgσ̃ sinφνz)(σ̃
+a + σ̃−a†),

(15)

with the explicit forms of the spin-photon couplings
gσ̃ ν , gσ̃ , δgσ̃ given in Appendix B. The interaction terms
in Eq. (15) are of particular interest since one can expect
to see signatures of these interactions in the transmis-
sion. However, the terms in the first line are negligible for
φ � 1.

The terms in the second line of Eq. (15) incorporate a
flip of both the nuclear spin and the electron spin if the two
are antialigned with the concomitant creation or annihila-
tion of a cavity photon. This coupling emerges due to the
combined effect of the dipole operator coupling the states
|−, ↑, ⇓ (⇑)〉 and |+, ↑, ⇓ (⇑)〉, and the hyperfine interac-
tion between the states |+, ↑, ⇓〉 and |−, ↓, ⇑〉. Thus, the
interaction persists in the absence of the magnetic field gra-
dient and has already been observed and analyzed in setups
without such a gradient. The interaction can be used to con-
trol the flip-flop qubit and to construct gates between two
such qubits [37], while the combination with an oscillating
magnetic field allows for controlling the nuclear spin qubit
and implementing a nuclear spin two-qubit gate [46].

On the other hand, the combined effect of the magnetic
field gradient, giving rise to the coupling between the states
|+, ↑, ⇓ (⇑)〉 and |−, ↓, ⇓ (⇑)〉, and the dipole operator
leads to the terms in the third line that describe a flip of
the electron spin accompanied by the annihilation or cre-
ation of a cavity photon, while the state of the nuclear spin
remains unchanged. These two different types of interac-
tion cause a hybridization of the QD-donor system and
the cavity mode when the transition in the QD-donor sys-
tem is close to resonance with the cavity mode. Since the
resulting hybrid states have a significant impact on the cav-
ity transmission, we inspect the energy expectation values
of the QD-donor system states involved in the respective
transitions. The energy expectation values of the four basis
states defining the lower orbital subspace can be easily read
off from Eq. (10), i.e.,

E|↓̃,⇑(⇓)〉 = −Eσ̃
2
(+)−
δEσ̃

2
+
(−)

Eν
2

, (16)

E|↑̃,⇑(⇓)〉 = Eσ̃
2

+
(−)
δEσ̃

2
+
(−)

Eν
2

, (17)

and we immediately find the transition frequencies for
electron spin flips with a fixed nuclear spin state

E|↑̃,⇑(⇓)〉 − E|↓̃,⇑(⇓)〉 = Eσ̃ +
(−)δEσ̃ , (18)

as well as the transition frequency for the electron-
spin–nuclear-spin flip-flop

E|↑̃,⇓〉 − E|↓̃,⇑〉 = Eσ̃ − Eν . (19)

The energy expectation values (18) as a function of the
QD-donor detuning ε and the various transition frequen-
cies are presented in Fig. 3. Both Fig. 3 and Eq. (18) show
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that the electron spin flip transition frequency depends on
the state of the nuclear spin. More precisely, for a small
electron spin mixing angle φ � 1, the transition frequency
with the nuclear spin in the states ⇑ and ⇓ differs by

� = 2δEσ̃ ≈ A
2
(1 + sin θ)+ A2 cos2 θ �

8(�2 − B2
z )

. (20)

Hence, in the limits of large positive, zero, and large nega-
tive DQD detuning ε, the shift in the resonance frequency
� takes the values (note that tc > 0)

lim
θ→π/2

� ≈ A for ε � 2tc,

� ≈ A
2

+ A2�

8(�2 − B2
z )

for ε = 0,

lim
θ→−π/2

� ≈ 0 for ε � −2tc.

(21)

The increasing impact of the nuclear spin on � with
increasing QD-donor detuning is intuitively easy to under-
stand: for ε � −2tc, the electron is localized in the left QD
and therefore decoupled from the nuclear spin, at ε = 0
it is completely delocalized between the left QD and the
donor, while it is trapped in the donor with a high proba-
bility for ε � 2tc such that the coupling to the nuclear spin
is maximized.

We note that in a DQD architecture with the second QD
overlapping with an isoelectric 29Si nuclear spin, readout
of the nuclear spin state has been realized for the maxi-
mal coupling scenario ε � 2tc by probing the electron spin
resonance frequency with frequency-selective ac magnetic
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FIG. 3. Hyperfine-split electronic energy levels (16) and (17)
corresponding to the four states |↓̃, ⇑〉, |↓̃, ⇓〉, |↑̃, ⇑〉, and |↑̃, ⇓〉
as a function of the QD-donor detuning parameter ε. The
highlighted transition frequencies determine the location of the
observable signatures in Fig. 4. The parameters used for this
plot are Bz = ωc/2π = 3.5 GHz, gc/2π = 13 MHz, tc = 9 μeV,
bx = 1.62 μeV, and A = 25 MHz.

field pulses [47]. Even though the hyperfine interaction is
as low as a few hundred kilohertz in such a device, we
expect that alternatively our suggested readout method can
be used, as discussed in detail in Appendix E.

III. NUCLEAR SPIN READOUT VIA THE
ELECTRON SPIN

We now describe how the nuclear spin-dependent shift
� of the electron spin resonance frequency, Eq. (20),
allows for a readout of the nuclear spin. The last term in

 (a)  (b)  (c)

FIG. 4. Cavity transmission |Ac| on resonance, i.e., for ω = ωc with ωc/2π = 3.5 GHz = 14.5 μeV, as a function of the magnetic
field Bz and the QD-donor detuning ε for different populations of the energy levels with (a) both nuclear spin states equally populated,
(b) the nuclear spin-up state populated, (c) the nuclear spin-down state populated. The dashed lines indicate the points in the (ε, Bz)

parameter plane at which the transitions indicated in Fig. 3 fulfill one of the resonance conditions (22) or (23). The remaining system
parameters are tc = 9 μeV, bx = 1.62 μeV, gc/2π = 13 MHz, 2κ1/2π = 2κ2/2π = κ/2π = 1.3 MHz, and A = 25 MHz ≈ 0.1 μeV.
For the phonon induced decoherence entering the decoherence superoperator γ , we assume the parameters d = 37 nm, ω0/2π =
30 GHz, cb = 4000 m/s, and J0 determined by J (2tc = 5.4 GHz, d = 120 nm) = 35 MHz. The strength of the quasistatic charge noise
affecting the detuning parameter ε is chosen to be σε = 1 μeV.
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Eq. (10) identifies the cavity resonance frequency includ-
ing shifts of the empty cavity frequency ωc due to the
interaction with the QD-donor system. Thus, the cavity
mode is resonant with the electron spin flip transition for a
fixed nuclear spin state if

E|↑̃,⇑(⇓)〉 − E|↓̃,⇑(⇓)〉 = ω̃c, (22)

and resonant with the electron-spin–nuclear-spin flip-flop
transition if

E|↑̃,⇓〉 − E|↓̃,⇑〉 = ω̃c. (23)

We expect a signature of the respective coupling in the cav-
ity transmission in the vicinity of system parameters ε, tc,
Bz, bx, and ωc for which one of these relations is fulfilled.

In order to verify our prediction, we calculate the cavity
transmission Ac using input-output theory (Appendix C)
and compare the system parameters for which character-
istic features emerge with those satisfying the resonance
conditions derived above. The calculation of Ac takes
charge relaxation processes due to the phonon environ-
ment and quasistatic charge noise affecting the detuning
parameter ε into account (see Appendix D for details).
Figure 4 shows the absolute value of the cavity transmis-
sion |Ac| for three different populations of the hyperfine
levels where (a) the two lowest-energy levels are equally
populated, approximating the thermal equilibrium state for
T � 30 mK, i.e., the QD-donor system is, with equal prob-
ability, in the states |0〉 and |1〉 that, up to small corrections,
correspond to the nuclear spin-up and spin-down states
|↓̃, ⇑〉 and |↓̃, ⇓〉, respectively; (b) only the ground state
≈ |↓̃, ⇑〉 is populated; (c) only the excited state ≈ |↓̃, ⇓〉
is populated. We point out that a single measurement will
always be represented by Fig. 4(b) or 4(c), while Fig. 4(a)
corresponds to the average over many measurements if the
system is initialized with equal probability in the states
|0〉 ≈ |↓̃, ⇑〉 and |1〉 ≈ |↓̃, ⇓〉 before the measurement. We
find that the emerging characteristic features, given by a
significantly reduced transmission due to the interaction
of the cavity mode with the QD-donor system, appear in
the immediate vicinity of the parameters fulfilling the res-
onance conditions, Eqs. (22) and (23), as indicated by the
dashed lines in Fig. 4. One also observes that the signatures
are less pronounced for |ε| � 2tc. The last line of Eq. (5)
shows that the electric dipole moment of the |+〉 ↔ |−〉
transition is proportional to cos θ and therefore decreases
with increasing |ε/2tc|, which, in turn, leads to the weaken-
ing of the effective couplings responsible for the observed
signatures.

For the experimental realization of nuclear spin state
readout, it is essential to obtain a strong contrast between
the signals for nuclear spins ⇑ and ⇓. In order to identify
suitable readout points, we calculate the difference of the
cavity transmission |Ac| obtained for the excited state pop-
ulated, |Ac|⇓, and that with only the ground state populated,

–1.0 –0.5 0.0 0.5 1.0

14.25 14.35 14.45 14.55 14.65 14.75

–0.5

0.0

0.5

(a)

(b)

FIG. 5. Difference of the cavity transmission |Ac| between the
nuclear spin-down case |Ac|⇓ and the nuclear spin-up case |Ac|⇑.
The dash-dot lines in (a) indicate the positions of the linecuts
shown in (b). Parameters and dashed lines are as in Fig. 4.

|Ac|⇑, i.e., Fig. 4(b) is subtracted from Fig. 4(c). The result
presented in Fig. 5(a) unveils extended regions provid-
ing a high signal contrast for nuclear spin readout in the
vicinity of the two resonance conditions (22) and weak
QD-donor detuning in the range between ε = −10 μeV
and ε = 15 μeV. The linecuts in Fig. 5(b) show that,
within this range of QD-donor detuning, maximal contrast
is achieved for points in the immediate vicinity of the res-
onance for nuclear spin ⇑. The amplitude difference of the
readout contrast between the resonances for ⇑ and ⇓ can
be attributed to a shift of the cavity resonance frequency
caused by the interaction with the QD-donor system (see
Appendix E for more details).

Moreover, we can check the sensitivity of the readout
contrast with respect to the cavity detuning from the probe
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FIG. 6. Cavity transmission |Ac|⇑, |Ac|⇓ and readout contrast,
|Ac|⇓ − |Ac|⇑, for ε = 10 μeV and Bz = 14.57 μeV, i.e., the
point where the red and the second dashed orange line from the
left in Fig. 5 intersect, as a function of the probe pulse detuning
δω. The remaining parameters are as in Fig. 4.

field

δω = ω − ωc (24)

for good readout points. To do so, we calculate |Ac|⇑, |Ac|⇓
and the readout contrast, |Ac|⇓ − |Ac|⇑, for the point in
Fig. 5 where the red and the second dashed orange line
from the left intersect, as a function of the detuning δω.
The result is presented in Fig. 6 and shows a readout con-
trast larger than 0.2 for |δω| < 1.5 MHz. In addition, the
figure allows one to identify the origin of reduced transmis-
sion in Fig. 4(b) and the resulting good readout contrast: at
the chosen readout point, the electron spin flip transition
for nuclear spin ⇑ is close to resonance with the cavity,
while the electron spin flip transition for nuclear spin ⇓
is off-resonant. Because of the strong electron spin-photon
coupling one observes Rabi splitting for nuclear spin ⇑
(|Ac|⇑ in Fig. 6), whereas |Ac|⇓ shows a single resonance
located between the Rabi split modes of |Ac|⇑.

To further characterize the nuclear spin measurement,
we go beyond the input-output theory and inspect Eqs. (10)
and (B38) describing the effective electronic Hamiltonian
He,0 + He,int in order to assess the expected measurement
backaction. We note that, since [He,0, νz] = 0, the main
part of the hyperfine coupling leads to a nuclear spin
readout in the form of a quantum nondemolition (QND)
measurement [48]. In general, [He,int, νz] �= 0, leading to
small corrections to the QND behavior. However, for an
adiabatic transfer of the electron from the left QD to the
delocalized configuration between the QD and the donor
and back under continuous transmission of a microwave
field at constant frequency, we expect a recovery of the
QND readout because the pure nuclear spin states are adi-
abatically transferred to eigenstates of He,0 + He,int. Away

from the resonance, the analogous argument holds with the
nonresonant Hamiltonian (B1).

For the experimental verification of the suggested
method for nuclear spin readout, we envision the following
protocol. The cavity transmission is measured at one of the
suitable readout points. Then, a nuclear spin resonance π
pulse is performed before the cavity transmission is probed
again. Following the above discussion, successful nuclear
spin readout is achieved if there is a significant difference
in the absolute value of the transmission, and, depending
on this value for the respective measurement, the state of
the nuclear spin at the time of each measurement can be
assigned.

IV. NUCLEAR SPIN-PHOTON COUPLING

It has been shown that the nuclear spin of a QD-donor
system can be controlled with a classical electric field [49].
However, this does not allow coherent information transfer
between the nuclear spin and photons. In order to assess the
potential of the system for coherent coupling of the nuclear
spin to cavity photons, we derive a Hamiltonian describing
the effective dynamics of the nuclear spin interacting with
the resonator mode while the remaining parts of the system
are near the ground state. More precisely, we investigate
the dynamics of the subspace determined by the projection
operator

P0 = 1 − τz

2
1 − σz

2
(25)

that defines the subspace spanned by the states |−, ↓, ⇓, n〉,
|−, ↓, ⇑, n〉, with n = 0, 1, 2, . . .. To do this, we apply a
Schrieffer-Wolff transformation to decouple the subspaces
defined by the projection operators P0 and Q0 = 1 − P0
[45]. Following the procedure sketched in Sec. III, we
determine S1 and S2, where S2 is defined by [H0, S2] =
−[P0VP0 + Q0VQ0, S1], to obtain the effective Hamilto-
nian for the subspace defined by P0 up to third order in
the perturbation V [45],

Hn = P0H0P0 + P0VP0 + 1
2 P0[S1, P0VQ0 + Q0VP0]P0

+ 1
2 P0[S2, P0VQ0 + Q0VP0]P0. (26)

In particular, the diagonal part of the effective Hamiltonian
reads

Hn,0 = Eν̄
2
νz + ω̄ca†a + δEν̄

2
νza†a (27)

with the expressions for Eν̄ , ω̄c and δEν̄ presented in
Appendix F. We find that |δEν̄ | � |Eν̄ | � ω̄c if the elec-
tron is not entirely confined to the left QD. Thus, the
microwave resonator and the donor nuclear spin flip transi-
tion cannot be tuned to resonance. The coherent excitation
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exchange between these two subsystems is described by
the term

gν(ν+a† + ν−a), (28)

within Hn given in Eq. (F1). We note that E|⇓,n〉 > E|⇑,n〉
because Eν̄ ≈ −(A/4)[1 + sin(θ)] + O(V2) such that
Eq. (28) is an excitation-conserving interaction term. The
explicit form of the coupling constant gν in terms of the
system parameters is given in Appendix F and we find that
nuclear spin to photon coupling strengths of gν ≈ 0.5 MHz
can be achieved. Given realistic values for the nuclear
spin and cavity loss rates, γ � κ ≈ 1 MHz, we note that
the strong coupling regime for nuclear spin cavity QED
(gν � κ , γ ) should be within reach. However, the coher-
ent excitation exchange between these two subsystems is
suppressed by the large detuning from resonance.

The raising or lowering of the nuclear spin state along
with the creation or annihilation of a cavity photon results
from the combined effect of the hyperfine interaction, the
magnetic field gradient, and the electric dipole interaction.
The fundamental problem preventing resonant coupling is
that, in principle, the energy splitting between the orbital
states (+ and −) and the energy splitting between the elec-
tron spin states (↑ and ↓) can simultaneously be tuned
close to resonance with the microwave resonator, while,
at the same time, the energy splitting between the nuclear
spin states (⇑ and ⇓) is far off-resonant because the nuclear
gyromagnetic ratio is approximately 1000 times smaller
than that of the electron spin.

V. CONCLUSION

In conclusion, we have investigated a system composed
of a donor nuclear spin coupled to the spin of a single
electron in a QD-donor architecture via the hyperfine inter-
action. The electron is subject to a homogeneous magnetic
field and a magnetic field gradient perpendicular to the
homogeneous component, while it is also dipole coupled
to a microwave resonator. We demonstrate that the effec-
tive excitation-conserving nuclear spin-photon interaction
resulting from the combined effect of the hyperfine interac-
tion, the electric dipole interaction, and the magnetic field
gradient cannot directly be tuned to resonance.

Nevertheless, we show that the signature of the strong
electron spin-photon coupling [21] in the cavity transmis-
sion is altered due to the hyperfine interaction. We find
well-separated signatures for the electron spin-photon cou-
pling with the nuclear spin in the states ⇑ and ⇓, whereby
the splitting of the two signatures is determined by the
hyperfine interaction strength A. For a 31P donor in the
strained Si quantum well with A ≈ 25 MHz, we expect
that recent experimental setups are able to resolve the
split signatures individually. Moreover, we identify good
readout points at which one finds a high contrast between

the measurement signal for the two opposing nuclear spin
polarizations. Therefore, the cavity transmission allows for
a readout of the nuclear spin state and for the measurement
of the hyperfine interaction strength.
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APPENDIX A: QD-DONOR SYSTEM

In this appendix, we present a simulation of the
QD-donor architecture that allows us to obtain a rough
estimation for the size of the achievable tunnel coupling
strength and the electric dipole moment.

In Si/SiGe heterostructures electrons in the Si quantum
well are strongly confined in the growth direction, defin-
ing the vertical position of the QD in the Si quantum well
[10]. Additional lateral confinement, required to form a
QD, can be realized with a layer of gate electrodes a few
tenths of nanometers above the quantum well. In order to
obtain a lateral QD-donor architecture, a 31P donor has to
be implanted in the quantum well. In the following we
assume a separation of 56 nm between the gate layer and
the plane containing the donor in the quantum well in line
with recent Si/SiGe QD systems [14,20,50].

As a first step, we determine the electrostatic potential
� in the donor plane generated by the gate architecture
illustrated in Fig. 7 and the ionized donor by numerically

56 nm

32.5 nm
65 nm

195 nm

162.5 nm

700 mV
−1.6 V

zy

x

FIG. 7. Surface gate architecture (black) and electron confine-
ment potential −e� in the donor plane generated by the gates
and the ionized donor. The gate voltages are chosen as indicated.
The origin of the coordinate system is set below the center of the
quadratic gate at the bottom of the gate layer and the axes are as
shown in the figure.
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solving the Poisson equation

�� = − 1
ε0εr

ρ(�r) (A1)

with εr = 11.7 the relative permittivity of Si. The applied
gate voltages are considered by setting the boundary con-
ditions accordingly, while the ionized donor is modeled by
the homogeneous spherical charge density

ρ(�r) =
⎧

⎨

⎩

e
4/3πr3

c
, |�r − �rd| ≤ rc,

0, |�r − �rd| > rc,
(A2)

with �rd = (−56, 0, 30) nm the donor position, i.e., the
donor is implanted 56 nm below the gate layer and dis-
placed by 30 nm in the z direction relative to the center
of the rectangular gate in Fig. 7. We choose rc = 0.95 nm,
ensuring that the correct 31P donor binding energy (45.5
meV) is achieved if no gate voltage is applied. The result-
ing electron confinement potential −e� for the gate volt-
ages indicated in Fig. 7 in the donor plane is also shown in
Fig. 7. We note that our calculations do not consider layers
of different materials and material interfaces between these
layers present in real Si/SiGe devices. However, due to the
similar dielectric constants of Si and Si0.7Ge0.3, the result-
ing effects on the electrostatic potential in the donor plane
are small and can be compensated by slightly modifying
the gate architecture and the applied gate voltages.

In the following, the level detuning between the lowest-
lying QD and donor state is adjusted by an external electric
field in the z direction. Alternatively, the level detun-
ing could also be controlled with more complex gate
architectures.

Given the strong confinement in growth direction, it suf-
fices to solve the two-dimensional Schrödinger equation
for an estimation of the QD-donor tunnel coupling strength
tc. Explicitly, the Schrödinger equation reads

0 = − �2

2m⊥
(∂2

y + ∂2
z )ψ(y, z)

− e[�(y, z)+ Eextz]ψ(y, z) (A3)

with m⊥ = 0.192me the transverse effective electron mass
in Si grown along [100] and Eext the electric field strength.

The energies of the ground and first excited states of the
QD-donor system as a function of the external electric field
obtained by numerically solving Eq. (A3) are shown as the
points in Fig. 8. The spectrum shows an avoided crossing
at E0

ext ≈ −2.0235 MV/m with minimal energy difference
�Emin ≈ 18 μeV. We find good agreement between the
simulation (points) and a simplified two-level model (solid
lines) with tunnel coupling 2tc = �Emin = 18 μeV and
level detuning ε = −e(E0

ext − Eext)d, where d = 37 nm

–2.0250 –2.0245 –2.0240 –2.0235 –2.0230 –2.0225 –2.0220

70.58

70.60

70.62

70.64

70.66

70.68

–50 –40 –30 –20 –10 0 10 20 30 40 50

FIG. 8. Energies of the ground state and the first excited state
of the QD-donor system as a function of the external electric field
Eext determining the level detuning ε. The dots are obtained from
numerical solutions of Eq. (A3), while the solid lines describe a
simplified two-level system.

gives the QD-donor distance discussed later. This obser-
vation justifies the orbital two-level model in Eq. (1) and
shows that a sizeable tunnel coupling strength is reachable
in lateral QD-donor devices despite the sharp confinement
potential of the donor.

For the suggested nuclear spin readout method, a notable
tunnel coupling strength alone is not sufficient, since
the charge-photon coupling gc also has to be sufficiently
strong. The charge-photon coupling strength depends lin-
early on the electric dipole moment ed, where d is the
QD-donor distance [51]. For the setup discussed in this
section, one can extract d ≈ 37 nm from Fig. 9, which

–0.15

–0.10

–0.05

0.00

FIG. 9. Ground-state wave function in the donor plane for
Eext = E0

ext.
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shows the ground-state wave function at Eext = E0
ext, where

the electron equally populates the QD and donor. At other
values of Eext in the range given in Fig. 8, the wave func-
tions of the ground state and the first excited state have
to be compared, but similar results for d are obtained.
In DQD devices typical values for the interdot distance
are 100–120 nm. Therefore, the charge-photon coupling
strength in the QD-donor device is expected to be approx-
imately 1/3 of the coupling strength reported for DQD
devices.

APPENDIX B: EFFECTIVE HAMILTONIAN OF
THE STRONG ELECTRON SPIN-PHOTON

COUPLING

The Schrieffer-Wolff transformation (6) yields the
Hamiltonian

He = (α1 + α2νz)σz + α3νz + (α4 + α5σzνz)a†a

+ (α6 + α7νz)(σ
++σ−)

+ (α8 + α9σz)(ν
++ν−)

+ α10(2σ+ν−+2σ−ν+)

+ (α11 + α12σzνz)(a + a†)

+ α13(2σ+ν−+2σ−ν+)(a + a†)

+ [α14 + (α15 − iα16)νz](σ+a + σ−a†)

+ [α14 + (α15 + iα16)νz](σ+a† + σ−a)

+ (α17 + α18σzνz)[a2 + (a†)2] (B1)

with the coefficients α1 to α18 discussed below. The trans-
formation requires the coupling between states of the sub-
space defined by P0 and Q0 to be much smaller than the
energy separation of those states [45]. In the present case
this requirement is ensured provided that the following
relations hold:

gc| cos θ | � min
(∣

∣

∣

∣

−�− A
4

sin θ + ωc

∣

∣

∣

∣

,

∣

∣

∣

∣

−�+ A
4

| sin θ | − ωc

∣

∣

∣

∣

,

∣

∣

∣

∣

−�+ A
4

sin θ + ωc

∣

∣

∣

∣

)

, (B2)

A
8

| cos θ | �
∣

∣

∣

∣

−�+ A
4

| sin θ |
∣

∣

∣

∣

, (B3)

bx

2
| cos θ | � min

(∣

∣

∣

∣

−�− Bz − A
4

∣

∣

∣

∣

,
∣

∣

∣

∣

−�− Bz + A
4

∣

∣

∣

∣

,

∣

∣

∣

∣

−�+ Bz + A
4

∣

∣

∣

∣

,
∣

∣

∣

∣

−�+ Bz − A
4

∣

∣

∣

∣

)

.

(B4)

However, we consider a regime where �, Bz,ωc � A, bx,
gc. Hence, we can use the approximations

−�± A
4

sin θ +
(−)ωc ≈ −� +

(−)ωc, (B5)

−�± A
4

sin θ ≈ −�, (B6)

−� +
(−)Bz ± A

4
≈ −� +

(−)Bz. (B7)

Taking into account the above approximations, the param-
eters of Hamiltonian (B1) read

α1 = Bz

2
−

(

A2

32
+ b2

x

4

)

cos2 θ
Bz

�2 − B2
z

, (B8)

α2 = A
8
(1 + sin θ)+ A2 cos2 θ

32
�

�2 − B2
z

, (B9)

α3 = A2 cos2 θ

32
Bz

�2 − B2
z

, (B10)

α4 = ωc − 2g2
c cos2 θ

�

�2 − ω2
c

, (B11)

α5 = 0, (B12)

α6 = −bx sin θ
2

, (B13)

α7 = −Abx cos θ
16

Bz

�2 − B2
z

, (B14)

α8 = Abx cos2 θ

8
Bz

�2 − B2
z

, (B15)

α9 = Abx cos2 θ

8
Bz

�2 − B2
z

, (B16)

α10 = A
8
(1 + sin θ)+ A2 cos2 θ

64

(

1
�

+ �

�2 − B2
z

)

,

(B17)

α11 = −gc sin θ , (B18)

α12 = Agc cos2 θ

8

(

1
�

+ �

�2 − ω2
c

)

, (B19)

α13 = Agc cos2 θ

8

(

�

�2 − B2
z

+ �

�2 − ω2
c

)

, (B20)

α14 = −bxgc cos2 θ

2

(

�

�2 − B2
z

+ �

�2 − ω2
c

)

, (B21)

α15 = 0, (B22)

α16 = 0, (B23)

α17 = −g2
c cos2 θ

�

�2 − ω2
c

, (B24)

α18 = 0. (B25)
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We note that the term proportional to α6 causing a mix-
ing between the electron spin states is not nonnegligible.
Thus, we need to account for this term when calculating
transition energies between states that we expect to resem-
ble the actual eigenstates of the Hamiltonian. To this end,
we transform Heff into the eigenbasis of

α1σz + α6(σ
++σ−). (B26)

The transformed basis states are

|−, ↓̃, ⇑ (⇓)〉 = cos
φ

2
|−, ↓, ⇑ (⇓)〉 − sin

φ

2
|−, ↑, ⇑ (⇓)〉,

(B27)

|−, ↑̃, ⇑ (⇓)〉 = sin
φ

2
|−, ↓, ⇑ (⇓)〉 + cos

φ

2
|−, ↑, ⇑ (⇓)〉,

(B28)

with the electron spin mixing angle

φ = arctan
(

α6

α1

)

. (B29)

Since, here, the magnetic field gradient bx is small com-
pared to the homogeneous magnetic field Bz, one finds
that |α6| � |α1|, such that the electron spin mixing angle
is small and therefore the states |↓̃(↑̃)〉 are predominantly
the electron spin states |↓(↑)〉 up to small contributions
of the opposite electron spin state. The electron spin Pauli
operators transform as

σx → sinφ σ̃z + α6

|α6| cosφ σ̃x, (B30)

σy → α6

|α6| σ̃y , (B31)

σz → cosφ σ̃z − α6

|α6| sinφ σ̃x, (B32)

with the Pauli operators σ̃i operating on the |↓̃(↑̃)〉 states.
We divide the transformed Hamiltonian ˜He into a diagonal
part ˜He,0 and a part containing the interactions between the
basis states ˜He,int. For ˜He,0, we find that

˜He,0 =
(

Eσ̃
2

+ δEσ̃
2
νz

)

σ̃z + Eν
2
νz + ω̃ca†a (B33)

with

Eσ̃ = 2
√

α2
1 + α2

6, (B34)

δEσ̃ = 2(α2 cosφ + α7 sinφ), (B35)

Eν = 2α3, (B36)

ω̃c = α4. (B37)

Since we consider a parameter regime with Bz,ωc � A, bx,
gc, we find that Eσ̃ , ω̃c � Eν , δEσ̃ . If we additionally

assume that the effective cavity frequency ω̃c is close to
resonance with the electron spin transition frequency Eσ̃ ,
we can apply the RWA to He,int, keeping terms rotating
with frequencies � Eσ̃ :

He,int = [α8(1 + cosφ σ̃z)+ α10 sinφ σ̃z](ν++ν−)

− gσ̃ ν sin2 φ

2
(σ̃+ν+a + σ̃−ν−a†)

+ gσ̃ ν cos2 φ

2
(σ̃+ν−a + σ̃−ν+a†)

+ (gσ̃ cosφ + δgσ̃ sinφ νz)(σ̃
+a + σ̃−a†) (B38)

with

gσ̃ ν = 2
α6

|α6|α13 = −sgn ε2α13, (B39)

gσ̃ = α6

|α6|α14 = −sgn εα14, (B40)

δgσ̃ = sgn εα12, (B41)

and

gσ̃ > δgσ̃ . (B42)

We note that corrections to the next higher order of the
energy level structure of the reduced effective Hamilto-
nian due to the upper orbital subspace originate from
combined effects involving a transition from the lower
orbital subspace to the upper orbital subspace, a tran-
sition from the upper orbital subspace to the lower
orbital subspace, and a transition in either the lower
or the upper orbital subspace [52]. In this work we
are mainly focused on determining transition frequencies
from Eq. (B33). Thus, the relevant third order correc-
tions are those contributing to α1,α2,α3,α4,α6, and α7.
Given Eq. (5), it is straightforward to show that there
are no third-order corrections to α1,α2,α3, and α4. For
the given Hamiltonian, the third-order corrections to
spin flips, i.e., corrections to α6 and α7, have an upper
bound given by δ(3) ≈ (bx/2)3/(�− Bz)�, provided that
Bz ≈ ωc and that bx/2 > A/4, gc. Using the parame-
ters from the main text, bx = 1.62 μeV, � ≈ 18 μeV
and Bz ≈ 14.5 μeV, one finds that |[Eσ̃ (α1,α6 + δ(3))−
Eσ̃ (α1,α6)]/Eσ̃ (α1,α6)| < 6 × 10−4 and |[δEσ̃ (α1,α6 +
δ(3),α7 + δ(3))− δEσ̃ (α1,α6,α7)]/δEσ̃ (α1,α6,α7)| < 6 ×
10−3. Hence, third- and higher-order corrections due to
the Schrieffer-Wolff transformation can be neglected in the
calculation of the transition frequencies.

APPENDIX C: INPUT-OUTPUT THEORY

To investigate the transmission through the cavity inter-
acting with the QD-donor system, we use input-output
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theory. We divide the Hamiltonian into three parts,

˜H = ˜Hsys + ˜HI + ˜Hcav, (C1)

with the system Hamiltonian, ˜Hsys = ˜H0 + ˜He−n, com-
prising the single electron in the QD-donor confinement
potential (1) and its hyperfine interaction to the nuclear
spin (3). The eigenstates and the corresponding eigenen-
ergies of ˜Hsys are denoted |n〉 and En with En ≤ En+1,
respectively. In the eigenbasis of ˜Hsys, Eq. (C1) reads

H =
∑

n

Enσnn + ωca†a + gc

∑

m,n

dmnσmn(a + a†), (C2)

where the eigenstates of ˜Hsys define the operators σnm =
|n〉〈m|. For the quantum Langevin equations for ȧ(t) and
σ̇nm(t), one obtains

ȧ = i[H , a] − κ

2
a +

∑

i=1,2

√
κiain,i, (C3)

σ̇mn = i[H , σmn] −
∑

m′n′
γmn,m′n′σm′n′ +

√

2γF , (C4)

with ain,1(t) and ain,2(t) the incoming parts of the external
fields at cavity ports 1 and 2. Moreover, we have intro-
duced the decoherence superoperator with matrix elements
γmn,m′n′ , which is discussed in detail in Appendix D, and
the quantum noise F of the QD-donor system. In the fol-
lowing discussion we neglect the quantum noise F . Using
Eq. (C2), we find that

ȧ = −iωca − igc

∑

m,n

dmnσmn − κ

2
a + √

κ1ain,1 + √
κ2ain,2

(C5)

and

σ̇mn(t) = i(Em − En)σmn

+ igc

(

∑

m′
dm′mσm′n −

∑

n′
dnn′σmn′

)

(a + a†)

−
∑

m′,n′
γmn,m′n′σm′n′ +

√

2γF . (C6)

We now decompose σmn(t) into a contribution independent
of the cavity coupling gc and a part that is linear in gc,
while higher-order contributions in gc are neglected:

σmn(t) ≈ σ (0)mn (t)+ σ (1)mn (t)+ O(g2
c ). (C7)

Here σ (0)mn (t) and σ (0)mn (t) are zeroth and first orders in gc,
respectively. We replace the operators σ (0)mn in Eq. (C7) by

their expectation values

〈σ (0)mn 〉t = δmnpm, (C8)

where the pm are the average populations of the energy lev-
els obtained for gc = 0. Following the above discussion
one obtains

d
dt

〈σ (1)mn 〉t = i(Em − En)〈σ (1)mn 〉t

+ igcdnm(pn − pm)(〈a〉t + 〈a〉∗t )
−

∑

m′,n′
γmn,m′n′ 〈σ (1)m′n′ 〉t (C9)

for the expectation values of the operators first order in gc.
A Fourier transformation to frequency space yields

〈σ (1)mn 〉ω = gcdnm(pn − pm)

(En − Em)− ω − iγmn,mn
(〈a〉ω + 〈a〉∗−ω)

+ i

∑

m′,n′(1 − δmm′δnn′)γmn,m′n′ 〈σ (1)m′n′ 〉ω
(En − Em)− ω − iγmn,mn

. (C10)

If the cavity has a large quality factor Q = ωc/κ � 1 and
is probed close to resonance such that |ω − ωc| � ωc, a
RWA for the cavity mode can be applied, showing that the
impact of 〈a〉∗−ω is negligible [53]. In this operating regime
we can solve the set of linear equations (C10) to obtain the
susceptibilities χmn(ω),

〈σ (1)mn 〉ω = χmn(ω)〈a〉ω. (C11)

Calculating the expectation value of Eq. (C5), considering
Eq. (C7) as well as Eq. (C8), before employing a Fourier
transform to frequency space and using Eq. (C11) yields

〈a〉ω =
√
κ1〈ain,1〉ω + √

κ2〈ain,2〉ω
i(ωc − ω)+ igc

∑

m,n χmn(ω)dmn + κ/2

− igc
∑

n dnnpnδ(ω)

i(ωc − ω)+ igc
∑

m,n χmn(ω)dmn + κ/2
.

(C12)

According to input-output theory, the incoming and outgo-
ing fields are related by [54]

aout,ν − ain,ν = √
κνa. (C13)

We consider a scenario with 〈ain,2〉 = 0 and can finally
calculate the cavity transmission

Ac = 〈aout,2〉ω
〈ain,1〉ω =

√
κ2〈a〉ω

〈ain,1〉ω
= −i

√
κ1κ2

(ωc − ω)+ gc
∑

m,n χmn(ω)dmn − iκ/2
. (C14)
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APPENDIX D: NOISE

The dominant noise effects in the present system arise
due to charge relaxation processes induced by the phonon
environment and due to charge noise.

1. Charge relaxation due to the phonon environment

The electron-phonon interaction for an electron in a QD-
donor system is described by the Hamiltonian

˜He-ph =
∑

q,ν

λqν τ̃z(a†
qν + aqν) (D1)

with momentum q and mode-ν-dependent coupling con-
stants λqν , and the corresponding phonon creation and
annihilation operators. Let us recall that τ̃z transforms to
∑

m,n dmnσmn under the transformation to the eigenbasis of
˜Hsys. Hence, using Fermi’s golden rule, for the transition
rate from eigenstate |n〉 to |m〉 at zero temperature, we find
that

γn→m = 2π
∑

q,ν

∣

∣

∣

∣

〈q, ν|〈m|
∑

q′,ν′
λq′,ν′

(

∑

m′,n′
dm′n′σm′n′

)

× (cq′ν′ + c†
q′ν′)|n〉|0〉

∣

∣

∣

∣

2

δ[(En − Em)− εq,ν]

= 2π
∑

q,ν

|λq,ν |2δ[(En − Em)− εq,ν]|dmn|2

= 2πJ (En − Em)|dmn|2, (D2)

where |0〉 denotes the phonon vacuum and |q, ν〉 is a
single-phonon state with energy εq,ν . Here J (ν) = ∑

q,ν

|λq′,ν′ |2δ(ν − εq,ν) is the phonon spectral density.
We can also calculate the transition rate for the orbital

transition |+〉 → |−〉 for ε = 0:

γ+→− = 2πJ (�). (D3)

This relation allows one to specify the scale factor J0 intro-
duced below in Eq. (D4) to describe the phonon spectral
density, because values for this rate were reported in a
recent experiment [20] considering a similar setup.

Because of the inversion symmetry of the unit cell of
the crystal structure of silicon, electron-phonon coupling
is caused by bulk deformation potential coupling [55] and
the phonon spectral density at low energy can be modeled
by [56,57]

J (ν) = J0

(

ν

ω0

)3[

1 − sinc
(

νd
cb

)]

e−ν2/2ω2
0 , (D4)

where J0 is a scale factor, ω0 a cutoff frequency, d the spac-
ing between the QD and the donor, and cb the speed of
sound.

To capture the decoherence effects due to the phonon
environment, we use a Markovian quantum master
equation in Lindblad form with the jump operator [58]

L =
∑

m,n

√

2πJ (En − Em)dmnσmn. (D5)

We assume that the phonon bath is at zero temperature such
that only transitions to lower-energy states are possible,
i.e.,

L =
∑

m<n

√

2πJ (En − Em)dmnσmn

=
∑

m<n

jmndmnσmn (D6)

with jmn = √
2πJ (En − Em).

One can calculate the mean value for the decoherence
dynamics of the operators σmn to identify the elements
γmn,m′n′ of the decoherence superoperator:

d
dt

〈σmn〉t = Tr{σmnD[L]ρ(t)}

=
∑

m′,n′

{

(jmm′)∗jnn′ − 1
2

[

δmm′

(

∑

k

(jkn)
∗jkn′

)

+ δnn′

(

∑

k

(jkm′)∗jkm

)]}

〈σm′n′ 〉t

= −
∑

m′,n′
γmn,m′n′ 〈σm′n′ 〉t. (D7)

Here D[L] represents the dissipator superoperator D[L]
ρ(t) = Lρ(t)L† − 1

2 [ρ(t)L†L + L†Lρ(t)] [59].

2. Charge noise

In semiconductor QD architectures charge noise is
omnipresent. Charge noise leads to fluctuations of the elec-
trostatic potentials in the proximity of the QD and the
donor. Hence, charge noise mainly affects the QD-donor
system in the form of fluctuations of the detuning parame-
ter ε → ε + δε. Here, quasistatic and gaussian distributed
fluctuations of ε with standard deviation σε are considered.
In this context quasistatic means that δε does not change
during a single run of the experiment, but differs for differ-
ent runs, wherefore we include the noise in our calculation
of a quantity by convolving the respective quantity with
the gaussian distribution. In particular one has

Ac(ε) = 1
√

2πσ 2
ε

∫ ∞

−∞
Ac(ε

′)e−((ε−ε′)2/2σ 2
ε )dε′. (D8)
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APPENDIX E: CHARACTERISTICS OF THE
READOUT CONTRAST

In order to derive an expression estimating the read-
out contrast, we use the derived effective Hamiltonian
[(10) and (15)] for input-output theory. Following the steps
outlined in Appendix C, one finds

ȧ = −iω̃ca − i(gσ̃ cosφ + δgσ̃ sinφ νz )̃σ
−

− igσ̃ ν cos2 φ

2
σ̃−ν+−κ

2
a + √

κ1ain,1 + √
κ2ain,2,

(E1)

where we have neglected the contribution from the
first term in Eq. (15) because sin2(φ/2) � 1. Moreover,
straightforward calculations result in

d
dt
(|↓̃, ⇑ (⇓)〉〈|↑̃, ⇑ (⇓)|)

= i(E|↓̃,⇑(⇓)〉 − E|↑̃,⇑(⇓)〉)(|↓̃, ⇑ (⇓)〉〈↑̃, ⇑ (⇓)|)
+ i(gσ̃ cosφ +

(−)δgσ̃ sinφ)(|↑̃, ⇑ (⇓)〉〈↑̃, ⇑ (⇓)|
− |↓̃, ⇑ (⇓)〉〈↓̃, ⇑ (⇓)|)a (E2)

and

d
dt
(|↓̃, ⇑〉〈|↑̃, ⇓ |)

= i(E|↓̃,⇑〉 − E|↑̃,⇓〉)(|↓̃, ⇑〉〈↑̃, ⇓ |)

+ igσ̃ ν cos2 φ

2
(|↑̃, ⇓〉〈↑̃, ⇓ | − |↓̃, ⇑〉〈↓̃, ⇑ |)a,

(E3)

where in comparison to the discussion in Appendix C the
ideal decoherence free scenario is considered for simplic-
ity. In analogy to Appendix C, the susceptibilities for the
three different processes can be determined:

〈(|↓̃, ⇑ (⇓)〉〈↑̃, ⇑ (⇓)|)〉ω

= (gσ̃ cosφ +
(−)δgσ̃ sinφ)(p|↑̃,⇑(⇓)〉 − p|↓̃,⇑(⇓)〉)

(E|↑̃,⇑(⇓)〉 − E|↓̃,⇑(⇓)〉)− ω
〈a〉ω

= χ⇑(⇓)(ω)〈a〉ω (E4)

and

〈(|↓̃, ⇑〉〈↑̃, ⇓ |)〉ω = gσ̃ ν cos2(φ/2)(p|↑̃,⇓〉 − p|↓̃,⇑〉)

(E|↑̃,⇓〉 − E|↓̃,⇑〉)− ω
〈a〉ω

= χ⇑⇓(ω)〈a〉ω. (E5)

With the susceptibilities, one obtains

〈a〉ω =
√
κ1〈ain,1〉ω + √

κ2〈ain,2〉ω
i(ω̃c − ω)+ i[(gσ̃ cosφ + δgσ̃ sinφ)χ⇑(ω)+ (gσ̃ cosφ − δgσ̃ sinφ)χ⇓(ω)] + igσ̃ ν cos2(φ/2)χ⇑⇓(ω)+ κ/2

,

(E6)

and therefore the cavity transmission reads

Ac = 〈aout,2〉ω
〈ain,1〉ω =

√
κ2〈a〉ω

〈ain,1〉ω
= −i

√
κ1κ2

(ω̃c − ω)+ (gσ̃ cosφ + δgσ̃ sinφ)χ⇑(ω)+ (gσ̃ cosφ − δgσ̃ sinφ)χ⇓(ω)+ gσ̃ ν cos2(φ/2)χ⇑⇓(ω)− iκ/2
. (E7)

Using the explicit expressions for the susceptibilities, the
terms in the denominator can be expressed as

(gσ̃ cosφ +
(−)δgσ̃ sinφ)χ⇑(⇓) ∝ (gσ̃ cosφ ± δgσ̃ sinφ)2

(E|↑̃,⇑(⇓)〉 − E|↓̃,⇑(⇓)〉)− ω

(E8)

and

gσ̃ ν cos2 φ

2
χ⇑⇓ ∝ [gσ̃ ν cos2(φ/2)]2

(E|↑̃,⇓〉 − E|↓̃,⇑〉)− ω
. (E9)

Since (gσ̃ cosφ ± δgσ̃ sinφ)2 > [gσ̃ ν cos(φ/2)]2, the term
∝ χ⇑⇓ in the denominator leads to a sharp feature in
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the transmission that does not significantly influence the
readout contrast away from this feature, and is there-
fore neglected in the following. Equation (E4) shows that
χ⇓ = 0 (χ⇑ = 0) if the system is initially prepared in the
state characterized by p|↓̃,⇑〉 = 1 (p|↓̃,⇓〉 = 1). Probing the

cavity at its resonance frequency (ω = ωc) and approxi-
mating ω̃c ≈ ω allows one to omit the first term in the
denominator of Eq. (E7). Taking into account all these
considerations and assuming that κ1 = κ2 = κ/2, one finds
that

1 − |Ac|2⇑(⇓) = (2g2
⇑(⇓)/κ)

2

(2g2
⇑(⇓)/κ)2 + [ω − (E|↑̃,⇑(⇓)〉 − E|↓̃,⇑(⇓)〉)]2

(E10)

with g⇑(⇓) = gσ̃ cosφ +
(−)δgσ̃ sinφ. In the parameter domains suggested for nuclear spin readout with

|�/(�2 − B2
z )| and bx � Bz, the couplings g⇑(⇓) can be considered constant over extended domains in Bz, while

the detuning ε is fixed. Moreover, E|↑̃,⇑(⇓)〉 − E|↓̃,⇑(⇓)〉 is approximately linear in Bz. Thus, Eq. (E10) describes a
Lorentzian line shape with maximum value 1 as a function of Bz for fixed detuning ε with width 2(2g2

⇑(⇓)/κ). From
Eq. (E10), we find that

1 − |Ac|⇑(⇓) = 1 −
√

√

√

√1 − (2g2
⇑(⇓)/κ)2

(2g2
⇑(⇓)/κ)2 + [ω − (E|↑̃,⇑(⇓)〉 − E|↓̃,⇑(⇓)〉)]2

, (E11)

again describing a line shape with maximum value
1 and symmetric around the resonance defined by
ω − (E|↑̃,⇑(⇓)〉 − E|↓̃,⇑(⇓)〉). For values of Bz separated
from the resonance by ξ(2g2

⇑(⇓)/κ), i.e., ω − (E|↑̃,⇑(⇓)〉 −
E|↓̃,⇑(⇓)〉) = ξ(2g2

⇑(⇓)/κ), one has

1 − |Ac|⇑(⇓) = 1 −
√

ξ 2

1 + ξ 2 . (E12)

In the suggested nuclear spin readout method, the discrim-
ination between ⇑ and ⇓ is based on the transmission
difference for the two nuclear spin states. The signal shapes
for ⇑ and ⇓ are almost similar in parameter domains
with bx � Bz such that g⇑ ≈ g⇓ ≈ gσ̃ , while the maxima
of 1 − |Ac|⇑ and 1 − |Ac|⇓ are separated by � = 2δEσ̃ .
Therefore, given the line shape (E11), the absolute value
of the readout contrast |Ac|⇓ − |Ac|⇑ is maximal for values
of Bz where 1 − |Ac|⇑(⇓) = 1, while 1 − |Ac|⇓(⇑) = 1 −
√

ξ 2
�/(1 + ξ 2

�) with ξ� = �/(2g2
σ̃
/κ) = δEσ̃ κ/g2

σ̃
, such

that

|(|Ac|⇓ − |Ac|⇑)| =
√

(δEσ̃ κ/g2
σ̃
)2

1 + (δEσ̃ κ/g2
σ̃
)2

, (E13)

where Bz ≈ ωc can be chosen to determine gσ̃ and δEσ̃ .
However, this result does not account for the small but
finite detuning ω̃c − ω if ω = ωc and the noise processes

discussed in Appendix D. The detuning can be considered
by the replacement

ω − (E|↑̃,⇑(⇓)〉 − E|↓̃,⇑(⇓)〉)

→ g2
σ̃

[ω − (E|↑̃,⇑(⇓)〉 − E|↓̃,⇑(⇓)〉)]

(ω̃c − ω)[ω − (E|↑̃,⇑(⇓)〉 − E|↓̃,⇑(⇓)〉)] + g2
σ̃

in Eqs. (E10) and (E11), whereby the position of the
respective maximum is not changed. Apart from that, for
values of Bz separated by δBz from the resonance, i.e.,
δBz = −[ω − (E|↑̃,⇑(⇓)〉 − E|↓̃,⇑(⇓)〉)], and ω̃c − ω < 0 (the
relevant case for ω = ωc and 2tc > ωc), we find that

∣

∣

∣

∣

g2
σ̃
(−δBz)

(ω̃c − ω)(−δBz)+ g2
σ̃

∣

∣

∣

∣

> |δBz|

for ω̃c − ω < 0 ∧ δBz < 0 (E14)

if (ω̃c − ω)δBz < g2
σ̃

, and that

∣

∣

∣

∣

g2
⇑(⇓)(−δBz)

(ω̃c − ω)(−δBz)+ g2
σ̃

∣

∣

∣

∣

< |δBz|

for ω̃c − ω < 0 ∧ (−δBz) > 0. (E15)

This observation implies that the side of the peak of
1 − |Ac| with δBz > 0 decreases more slowly, while the
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side with δBz < 0 decreases faster as a function of Bz com-
pared to the nondetuned scenario. The resonance for ⇑ is
achieved for lower values of Bz than for ⇓, and, therefore,
the readout contrast at the resonance for ⇑ is determined by
the fast decreasing side of 1 − |Ac|⇓ at δBz = −�, while
the readout contrast at the resonance condition for ⇓ is
determined by the slow decreasing side of 1 − |Ac|⇑ at
δBz = �, wherefore the absolute value of the readout con-
trast is larger at the resonance for ⇑. This is exactly the
behavior of the line cuts shown in Fig. 5(b) and is also vis-
ible in Figs. 5(a) and 10. In the same way as before we can
define

ξ
⇑(⇓)
� =

(

(+)− g2
σ̃
�

(+)− (ω̃c − ω)�+ g2
σ̃

)/(

g2
σ̃

κ

)

=
(+)− κ�

2[(+)− (ω̃c − ω)�+ g2
σ̃

]

and subsequently calculate the absolute value of the read-
out contrast at the resonance for ⇑ (⇓):

|(|Ac|⇓ − |Ac|⇑)|⇑(⇓) =
√

√

√

√

(ξ
⇑(⇓)
� )2

1 + (ξ
⇑(⇓)
� )2

. (E16)

This result is in good agreement with the cut for ε = 0
(purple line) in Fig. 5(b). However, it overestimates the
extremal values of the cuts for ε > 0 significantly, because
there, the Bz values at which the extremal readout contrast
occurs are sensitive to small changes in the detuning ε [see
also Figs. 4 and 5(a)]. Thus, the quasistatic charge noise
considered in the figures (for details, see Appendix D)
reduces the absolute value of the extremal readout contrast.

The readout contrast observed in Fig. 5 is certainly suffi-
ciently large for nuclear spin readout in recent experimen-
tal devices. Nevertheless, we can comment on the minimal
hyperfine interaction strength leading to a sufficient con-
trast for readout. Using Eq. (E7), one can numerically
calculate the absolute value of the readout contrast and
account for quasistatic charge noise in the way discussed
in Appendix D. A map of the readout contrast depen-
dence on the hyperfine interaction strength is presented
in Fig. 10. The plots clearly show that there are read-
out points with |(|Ac|⇓ − |Ac|⇑)| > 0.01 in domains with
A < 1 MHz. This is sufficient for readout because recent
cQED experiments are able to measure |Ac|/|A0| with frac-
tions of percent precision [60]. Therefore, we expect that
the suggested nuclear spin readout technique is also appli-
cable in a DQD system with an isoelectric nuclear spin,
e.g., 29Si, at the position of one of the QDs because A in
the range of several hundred kilohertz is reported for such
devices [47].

APPENDIX F: EFFECTIVE HYPERFINE
HAMILTONIAN

The Schrieffer-Wolff transformation (26) results in the
Hamiltonian

Hn = Eν̄
2
νz +

(

ω̄c + δEν̄
2
νz

)

a†a + c4νx

+ (c5 + c6νz)(a + a†)+ c7(ν
+a + ν−a†)

+ gν(ν+a† + ν−a)+ (c9 + c10νz)(a2 + a†2
)

+ (c11 + c12νz)(a3 + a†3
)

+ (c13 + c14νz)(a†aa + a†a†a). (F1)

0.0 0.2 0.4 0.6 0.8

FIG. 10. Absolute value of the readout contrast as a function of the hyperfine interaction strength A and the homogeneous magnetic
field Bz for four values of the detuning ε. The remaining parameters are as in Fig. 4. For the QD-donor system studied in this paper,
we have A = 25 MHz.
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The discussion in Sec. IV of the main text does not involve a further investigation of the terms proportional to the
coefficients ci. Therefore, we only give the explicit expressions for Eν̄ , ω̄c, δEν̄ , and gν in terms of the system parameters.
The diagonal part of Eq. (F1) is characterized by

Eν̄ = −A
4
(1 + sin θ)+ (1/8)Ab2

x sin2 θ(1 + sin θ)
B2

z − [(A/4)(1 + sin θ)]2 + (1/8)Ab2
x cos2 θ

(Bz +�)2 − (A/4)2
+ (1/2)Ag2

c cos2 θ sin θ
(�+ ωc)2 − [(A/4) sin θ ]2

+ (1/128)A3 cos2 θ sin θ
�2 − [(A/4) sin θ ]2 − (1/16)A2(1 + sin2 θ)

Bz
− (1/16)A2 cos2 θ

(A/4) sin θ − Bz −�
+ O(V3), (F2)

ω̄c = ωc + g2
c cos2 θ

(

ωc −�

(�− ωc)2 − [(A/4) sin θ ]2 − ωc +�

(�+ ωc)2 − [(A/4) sin θ ]2

)

+ 128A2g2
c cos2 θ sin2 θ�(16�2 − A2 sin2 θ)

(A2 sin2 θ − 16�2){(A sin θ)2 − [4(�− ωc)]2}{(A sin θ)2 − [4(�+ ωc)]2} , (F3)

δEν̄ = 16Ag2
c sin θ cos2 θ(A2 sin2 θ + 48�2 − 16ω2

c)

{(A sin θ)2 − [4(�− ωc)]2}{(A sin θ)2 − [4(�+ ωc)]2} , (F4)

where the third-order contributions in V to Eν̄ are neglected for simplicity. For the nuclear spin-photon coupling gν we
find that

gν = 1
4 Abxgc cos2 θ

[

sin θ
(

4
(A sin θ + A − 4Bz)[A − 4(Bz +�+ ωc)]

+ 1
(Bz − ωc)[A sin θ + 4(Bz +�)]

+ 1
Bz[A sin θ + 4(Bz +�− ωc)]

− 8
[A sin θ + 4(Bz +�)][A sin θ + 4(Bz +�− ωc)]

+ 1
(Bz − ωc)(A sin θ + 4�− 4ωc)

− 4
(A sin θ + 4�− 4ωc)[A sin θ + 4(Bz +�− ωc)]

+ 4
[A − 4(Bz +�)][A sin θ + A − 4(Bz + ωc)]

− 4
[A − 4(Bz +�+ ωc)][A sin θ − 4(�+ ωc)]

+ 4
[A sin θ + A − 4(Bz + ωc)][A sin θ − 4(�+ ωc)]

+ 4
(A − 4�)(A sin θ + A − 4Bz)

− 4
(A + 4�)[A sin θ + 4(Bz +�)]

− 8
[A − 4(Bz +�)][A − 4(Bz +�+ ωc)]

− 4
(A − 4�)[A − 4(Bz +�)]

+ 1
ABz + 4Bz�

)

+ 1
Bz[A sin θ + 4(Bz +�− ωc)]

+ 4
(A sin θ + 4�− 4ωc)[A sin θ + 4(Bz +�− ωc)]

+ 4
[A − 4(Bz +�)][A sin θ + A − 4(Bz + ωc)]

+ 4
[A sin θ + A − 4(Bz + ωc)][A sin θ − 4(�+ ωc)]

+ 1
ABz + 4Bz�

+ 4
(A − 4�)[A − 4(Bz +�)]

]

. (F5)
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