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Nuclear spins show exceptionally long coherence times but the underlying good isolation from their environ-
ment is a challenge when it comes to controlling nuclear spin qubits. A particular difficulty, not only for nuclear
spin qubits, is the realization of two-qubit gates between distant qubits. Recently, strong coupling between an
electron spin and microwave resonator photons as well as a microwave resonator mediated coupling between
two electron spins both in the resonant and the dispersive regime have been reported and, thus, a microwave
resonator mediated electron spin two-qubit gate seems to be in reach. Inspired by these findings, we theoretically
investigate the interaction of a microwave resonator with a hybrid quantum dot-donor (QDD) system consisting
of a gate-defined Si QD and a laterally displaced 31P phosphorous donor atom implanted in the Si host material.
We find that driving the QDD system allows to compensate the frequency mismatch between the donor nuclear
spin splitting in the MHz regime and typical superconducting resonator frequencies in the GHz regime, and
also enables an effective nuclear spin-photon coupling. While we expect this coupling to be weak, we predict
that coupling the nuclear spins of two distant QDD systems dispersively to the microwave resonator allows the
implementation of a resonator-mediated nuclear spin two-qubit

√
iSWAP gate with a gate fidelity approaching

90%.

DOI: 10.1103/PhysRevB.107.155302

I. INTRODUCTION

The exceptionally long coherence times reported for nu-
clear spins [1–4] suggest the large potential of nuclear spins as
qubit implementations for quantum information applications,
which is why some early proposals for quantum computers
are based on nuclear spins [5].

Considering spin-based quantum computing architectures,
so far, mostly the fundamental elements of a quantum com-
puter have been realized in experiments. This involves, in
particular, the realization of one and two-qubit devices with
which high-fidelity one and two-qubit gates were demon-
strated. However, recently, also linear and two-dimensional
arrays of qubits were fabricated and the control of the in-
dividual qubits was achieved [6–8]. This accomplishment
constitutes an important step towards larger setups in the near
future. With such systems in reach and aiming at a universal
quantum computer with a large number of qubits, the con-
nectivity of the qubits, i.e., the pairs of physically coupled
qubits, is of great importance and, ideally, all-to-all qubit
connectivity is achieved. Exploiting the exchange coupling
between neighboring qubits has proven successful for the
implementation of two-qubit gates between hole spin qubits
[7] and the realization of high fidelity two-qubit gates between
electron spin qubits exceeding the surface code threshold
[9–11]. A nuclear spin two-qubit gate with such a high fi-
delity is obtained between the nuclear spins of neighboring
phosphorous donor atoms in a configuration where the spins
are hyperfine-coupled to the same electron [12]. However,
the underlying interactions are short-ranged and do not allow
for the coupling of distant qubits. Harnessing an intermediate
system as a mediator for an interaction is an approach to deal
with this obstacle.

In case of electron spins microwave resonators are promis-
ing candidates for such an intermediate system. A single
electron confined in a double quantum dot (DQD) acquires
a large electric dipole moment [13]. Applying a magnetic
field gradient between the two quantum dots (QD) forming
the DQD allows to engineer an artificial spin orbit interaction,
that, in turn, enables an effective coupling between the elec-
tron spin and microwave resonator photons [13,14]. Notably,
the strong electron spin-photon coupling regime has been
attained [15,16] and, thereby paved the way for experiments
demonstrating the microwave resonator photon-mediated in-
teraction between spin qubits both in the resonant [17] and the
dispersive [18] coupling regimes. The latter achievement is
particularly promising with regard to the theoretical proposal
for a dispersive cavity-mediated iSWAP gate [19]. Theory
also predicts that strong spin-photon coupling can be achieved
with pairs of donors in Si [20].

Looking at nuclear spins, a hybrid architecture in which
a single electron is shared between an interfacial quantum dot
and an implanted 31P donor atom beneath it permits the imple-
mentation of an electron spin-nuclear spin flip-flop qubit with
the two qubit states corresponding to the anti-parallel states of
electron and nuclear spins [21,22]. The spatial displacement
of the electron wave function away from the donor gives rise
to an electric dipole, such that the electron spin-nuclear spin
flip-flop qubit is expected to couple to a microwave resonator
[21]. With the help of ac-magnetic fields, this system can also
be harnessed to couple the nuclear spin to microwave cav-
ity photons [23]. However, the usage of oscillating magnetic
fields is unfavorable in case of many-qubit devices because
spatial localization at the nanoscale is not possible and,
thus, nuclear spin-photon coupling by all-electrical means is
desired.
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With this challenge in mind and inspired by the aforemen-
tioned findings for the DQD system and the hybrid vertical
architecture, we theoretically investigate a hybrid quantum
dot-donor (QDD) architecture composed of a gate-defined
Si QD and a thereto laterally displaced 31P donor atom im-
planted in the Si host material of the quantum well. While
such a device has successfully been operated in the multi-
electron regime [24], our analysis is restricted to the single
electron scenario. In addition to the setup in the experiment,
but similar to the DQD system mentioned before, the archi-
tecture envisioned here includes a magnetic field gradient that
causes an effective electron spin-orbit coupling. Then, due
to the similarity with the DQD system, an effective electron
spin-photon coupling is expected and has been theoretically
verified [25]. The special feature of the considered setup is
the hyperfine interaction between the nuclear spin and the
electron spin. While this interaction underlies the theoret-
ically suggested method for nuclear spin state readout by
probing the microwave resonator transmission, it does not
allow for resonant nuclear spin-photon coupling due to the
large frequency mismatch between the nuclear spin transition
frequency of the order of MHz and the resonator photons in
the microwave domain without further modifications of the
system [25].

Here, we demonstrate that the frequency mismatch can be
compensated by periodically driving the QDD detuning away
from the point where the electron is fully hybridized between
the QD and the donor. Our theoretical analysis unveils that the
strong nuclear spin-photon coupling regime is out of reach
assuming state-of-the-art device parameters, and, therefore,
the coherent excitation exchange between the nuclear spin
states and the microwave resonator is not possible. Nonethe-
less, the nuclear spin-photon coupling can be exploited for
quantum information applications by dispersively coupling
the nuclear spins of two driven QDD systems to a microwave
resonator. For such a setup, we find an effective interaction
between the two nuclear spins mediated by virtual resonator
photons. This interaction can be harnessed to implement ei-
ther a nuclear spin

√
iSWAP or iSWAP quantum gate. Our

sophisticated numerical simulations accounting for decoher-
ence effects suggest that average gate fidelities approaching
90% and 80%, respectively, can be achieved assuming realis-
tic system parameters, state-of-the-art decay and decoherence
times reported for charge and spin qubits, and a resonator with
a high quality factor.

This article is structured as follows. Section II provides
a detailed description of the model employed to describe
a driven QDD system interacting with a microwave res-
onator. In Sec. III, we theoretically derive an effective nuclear
spin-photon coupling, investigate its strength, and thereby
elaborate on accessible coupling regimes. Then, in Sec. IV,
two driven QDD systems dispersively coupled to a common
microwave resonator are investigated, an effective photon-
mediated coupling between the nuclear spins of the QDD
systems is found, and it is demonstrated that the coupling
allows the implementation of an

√
iSWAP or an iSWAP quan-

tum gate even in the presence of decoherence effects. Finally,
our results are summarized in Sec. V.

FIG. 1. Schematic illustration of the hybrid quantum dot-donor
system, populated by a single electron (red), interacting with a single
mode ωc of a microwave resonator. The relative position of the lowest
quantum dot and the lowest donor energy level is characterized by
the detuning parameter ε. Quantum dot and donor atom are tunnel
coupled with coupling strength tc. The spin of the confined electron
is subject to a homogeneous magnetic field Bz and it experiences a
magnetic field gradient bx along the quantum dot-donor axis (z axis).
The quantum dot-donor system’s electric dipole moment couples
to the resonator mode with electric dipole coupling strength gc.
Electron spin and donor nuclear spin (blue) interact via the hyperfine
interaction if the electron overlaps with the donor atom.

II. QUANTUM DOT-DONOR SYSTEM

We consider a lateral hybrid QDD architecture realized in
a Si/SiGe heterostructure with an isotopically purified 28Si
quantum well, see Fig. 1.

The two constituents of the QDD system are a gate-defined
QD and an ionized phosphorous donor atom that is implanted,
laterally displaced by 30–40 nm with respect to the QD (here
along the z axis), in the Si host material of the quantum well.
An electric field applied along the QDD axis and the gate
electrodes generating the QD confinement allow to control
the relative position of the lowest QD and donor energy level
[24,25] that enters our model via the detuning parameter ε.
The system can be set up such that there is a sizable tunnel
coupling tc between the QD and the donor site [24,25]. We
consider a single electron confined in the QDD potential, that
can be mostly confined at the position of the QD (ε � −tc),
|L〉, at the position of the donor atom (ε � tc), |R〉, or it
is hybridized between the two (|ε| � tc) due to the tunnel
coupling.

The electron spin degeneracy is lifted by a homogeneous
magnetic field Bz applied in z-direction, while there is also a
magnetic field gradient ∂Bx/∂z generated by a micromagnet
with bx the field strength difference between the QD and the
donor site.

The phosphorous donor atom has a nuclear spin 1/2 in the
otherwise nuclear spin free environment of the quantum well.
This nuclear spin causes a unique feature that distinguishes the
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QDD system from DQDs: if the electron wave function over-
laps with the donor atom, electron spin and donor nuclear spin
interact via the hyperfine interaction, whereby the dominant
contribution is due to the contact hyperfine interaction with
interaction strength A. It is noteworthy that the hyperfine in-
teraction strength A/2π ≈ 25 MHz for a phosphorous donor
atom implanted in the Si quantum well of a Si/Si0.7Ge0.3

heterostructure is considerably reduced compared to the value
known for bulk Si, A/2π = 117 MHz [26,27], due strain
effects resulting from the Si- and SiGe- lattice mismatch
[28,29].

The described QDD system is modeled by the Hamiltonian

H̃QDD = 1

2
(ετ̃z + 2tcτ̃x + Bzσz + bxσx τ̃z )

+ A

8
�σ · �ν (1 − τ̃z ), (1)

with the three sets of Pauli operators {̃τi, σi, νi}. The op-
erators τ̃i act on the electron position space as τ̃z|L(R)〉 =
+

(−) |L(R)〉, σi and νi are the electron spin and nuclear spin
Pauli operators, respectively. Here, energy units are chosen
such that h̄ = 1 and the magnetic fields Bz and bx are given in
units of energy. The nuclear spin interaction with the magnetic
field is neglected in the above expression because it is typi-
cally three orders of magnitude smaller than all other energy
scales.

The spatial separation of the QD and the donor en-
sures that the confined electron acquires a substantial charge
dipole moment, and, thus, couples to the electric field,
Ecav = E0(a + a†), of a microwave resonator [13,30]

H̃int = gcτ̃z(a + a†), (2)

with a† and a the cavity photon creation and annihila-
tion operators of the relevant cavity mode with frequency
ωc, Hcav = ωca†a. The charge-photon interaction strength
gc = eE0d is determined by the cavity vacuum electric field
E0 and the QDD distance d .

Modulating the voltage applied to the gates defining the
QD potential or the electric field applied along the QDD axis
periodically with frequency ωd results in a drive of the QDD
detuning

H̃d = εd

2
cos (ωdt )̃τz, (3)

with drive amplitude εd .
In line with recent experiments. we assume 2tc, Bz �

A, bx [15] in this work. Therefore it is more convenient to
express the electron position in terms of the eigenstates of
the first two terms of (1) that resemble bonding (−) and
antibonding (+) molecular orbital states,

| +
(−) 〉 = (sin(θ ) +

(−) 1)|L〉 + cos(θ )|R〉√
2 +

(−) 2 sin(θ )
, (4)

with orbital mixing angle θ = arctan(ε/2tc), and correspond-
ing Pauli operators τi defined by τz| +

(−) 〉 = +
(−) | +

(−) 〉. The

orbital energies E +
(−)

= +
(−)

√
ε2 + 4t2

c /2 are to first-order in-
sensitive to charge noise if the system is operated at the charge
noise sweet spot characterized by zero QDD detuning, i.e.,

∂E +
(−)

/∂ε|ε=0 = 0. Hence, we consider ε = 0 in the remainder
of this article. For this specific operation point, the electron
position operators τ̃i transform as

τ̃x → τz, (5)

τ̃z → −τx. (6)

Additionally assuming that the system is operated in a regime
characterized by A � 2tc ≈ Bz ≈ ωc ≈ ωd , it is justified to
apply the rotating wave approximation (RWA), where (1)–(3)
simplify to

HQDD = 1

2

[
2tcτz + Bzσz + A

4
σzνz − bx(σ+τ− + σ−τ+)

]
+ A

4
(σ+ν−τ− + σ−ν+τ+), (7)

Hint = −gc(τ+a + τ−a†), (8)

Hd (t ) = −εd

4
(e−iωd tτ+ + eiωd tτ−). (9)

A further transformation to a rotating reference frame
defined by

UR(t ) = UR,sys(t )UR,a(t ), (10)

with

UR,sys(t ) = exp

[
i
ωd

2
(τz + σz )t

]
, (11)

UR,a(t ) = exp[iωd a†at], (12)

allows a time-independent description of the driven system

HR = UR(t )(HQDD + Hint + Hd(t ) + Hcav)U †
R (t )

+ i U̇R(t )U †
R (t )

= HR
0 + V R, (13)

composed of a diagonal part HR
0 and an off-diagonal part V R,

HR
0 = 2tc − ωd

2
τz + Bz − ωd

2
σz + A

8
σzνz

+ (ωc − ωd )a†a, (14)

V R = −bx

2
(σ+τ− + σ−τ+) − gc(τ+a + τ−a†)

+ A

4
(σ+ν−τ− + σ−ν+τ+) − εd

4
(τ+ + τ−). (15)

III. NUCLEAR SPIN PHOTON COUPLING

A transverse nuclear spin-photon coupling has already
been theoretically predicted for a QDD system without the
periodic driving of the detuning [25]. However, the differ-
ent energy scales of the nuclear spin splitting (≈ A/4) and
the resonator photons (ωc) do not permit coherent excitation
exchange, as illustrated in Fig. 2. In this section, we demon-
strate that driving the QDD detuning allows to compensate
for the frequency mismatch and derive an effective nuclear
spin-photon interaction Hamiltonian.
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FIG. 2. Schematic energy level diagram of the QDD system cou-
pled to a microwave resonator restricted to the lower charge state
(−) and the electron spin ground state (↓) for 0 and 1 cavity photons
in the laboratory (nonrotating) frame. According to (7) the opposite
nuclear spin states are split by the hyperfine interaction A/4 (green
arrows), while the energy difference between the photon states is set
by the resonator frequency ωc (blue arrows) with ωc � A/4. The red
arrow suggests that a drive with frequency ωd can tune the nuclear
spin splitting and the photon splitting into resonance (δωd = 0) or
close to resonance (δωd 
= 0). The successive entries of the states la-
beling the energy levels represent the electron’s orbital state (−, +),
the electron spin state (↓,↑), the nuclear spin state (⇓, ⇑) and the
number of photons in the microwave resonator (0, 1, 2, . . . ).

It is instructive to inspect the energy expectation values of
HR

0 with respect to the basis states |−/+,↓ / ↑,⇓ / ⇑, n〉,
where the successive entries give the electron’s orbital state,
the electron spin state, the nuclear spin state and the number
of photons in the microwave resonator. In particular, one finds
that |−,↓,⇑, 0〉 has the lowest energy expectation value and
is energetically separated from |−,↓,⇓, 0〉 by E|−,↓,⇓,0〉 −
E|−,↓,⇑,0〉 = A/4, such that lowering the nuclear spin state
increases the energy given that the electron is in the orbital
state − and its spin orientation is ↓. Therefore an excita-
tion exchange between the nuclear spin and the microwave
resonator photons corresponds to a population transfer be-
tween the states |−,↓,⇑, n + 1〉 and |−,↓,⇓, n〉 which is
why, hereafter, we refer to the coupling between these two
states as the transverse nuclear spin-photon coupling. The
energy expectation value difference between |−,↓,⇑, n + 1〉
and |−,↓,⇓, n〉 reads

E|−,↓,⇑,n+1〉 − E|−,↓,⇓,n〉 = −A

4
+ (ωc − ωd ). (16)

This result unveils that choosing the drive frequency

ωd = ωc − A

4
+ δωd (17)

allows to tune the nuclear spin splitting in resonance (δωd =
0) or close to resonance (δωd 
= 0) with the microwave pho-
tons. Hence, the drive allows to compensate (δωd = 0) or
partially compensate (δωd 
= 0) the otherwise existing large
energy mismatch. This effect is sketched in Fig. 2.

It remains to discuss whether there is an effective nu-
clear spin photon coupling. For this purpose we consider the
QDD system prepared in its ground state and the microwave

FIG. 3. Schematic illustration of the fourth-order coupling mech-
anism underlying the effective transverse nuclear spin-photon
coupling gν⊥ (black dashed line). The inspection of V R (15) shows
that the effective coupling between the two states in black arises due
to a fourth-order process (gray) including the dipole coupling (∝ gc),
the hyperfine interaction (∝ A), the magnetic field gradient (∝ bx)
and the drive (∝ εd ).

resonator populated by one photon, i.e., |−,↓,⇑, 1〉. The
analysis of V R (15) unveils that a fourth-order process in-
volving the dipole coupling (∝ gc), the hyperfine interaction
(∝ A), the magnetic field gradient (∝ bx) and the drive (∝ εd )
couples this state to the state with the cavity photon annihi-
lated and the nuclear spin flipped, as illustrated in Fig. 3, such
that an effective transverse nuclear spin-photon coupling is ex-
pected to emerge. Exploiting the nuclear-spin photon coupling
for quantum information applications is mostly of interest if
the two states with opposite nuclear spin orientation defining
a nuclear spin qubit correspond to the two lowest energy
states of the QDD system with and without the drive. While
this condition is usually fulfilled in the nondriven scenario,
according to (9) 2tc − ωd , Bz − ωd > A/4 is required in the
presence of the drive and, therefore, the following discussion
is restricted to this regime.

In the next step, we derive an effective Hamiltonian for
the low-energy nuclear spin subspace interacting with the
microwave resonator mode and thereby provide a more for-
mal derivation of the nuclear spin-photon coupling including
an analytical expression for the coupling strength. For this
purpose, we use a Schrieffer-Wolff transformation that, in
general, decouples the dynamics of two subspaces defined by
the projection operators P0 and Q0 = 1 − P0 [31] and results
in a block diagonal effective Hamiltonian Heff = eSHe−S ,
with the block off-diagonal and anti-hermitian generator of
the transformation S. In most cases, the transformation eS

and Heff are determined perturbatively [31,32], as outlined in
Appendix A.

Here we are interested in the dynamics of the nuclear spin
interacting with the microwave resonator photons while the
electron is in the orbital state − and its spin state is ↓, i.e., the
subspace defined by

P0 = 1 − σz

2

1 − τz

2

=
∞∑

n=0

(|−,↓,⇑, n〉〈−,↓,⇑, n| + |−,↓,⇓, n〉〈−,↓,⇓, n|).

(18)

Our previous reasoning in this section revealed that an effec-
tive transverse nuclear spin-photon coupling is expected as a
result of a fourth-order process in the perturbation V R (15), for
which, as discussed in detail in Appendix A, we determine the
effective Hamiltonian for the subspace set by P0 up to fourth
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order in the perturbative expansion,

HR
ν−ph = −Eν

2
νz + (ω̃c + χνz )a†a + K (a†a)2

+ gν⊥(ν−a + ν+a†) + gν,off (ν+a + ν−a†)

+ gν‖νz(a + a†) + (b̃x + χxa†a)νx + α9(a + a†)

+ α11(a2 + (a†)2) + α12(a†a2 + (a†)2a), (19)

where gν⊥ and gν‖ denote the effective transverse and lon-
gitudinal nuclear spin-photon coupling strength and K is the
amplitude of a resulting Kerr nonlinearity. The analytical
expression for the coefficients up to fourth order in the per-
turbation are provided in Appendix A. The diagonal terms
collected in the first line differ from HR

0 due to perturbative
corrections manifested in the corresponding coefficients,

Eν = A

4
+ O[(V R)4], (20)

ω̃c = ωc − ωd − g2
c

2tc − ωc
+ O[(V R)4], (21)

χ = 0 + O[(V R)4], (22)

K = 0 + O[(V R)4]. (23)

The above expressions show that only the microwave res-
onator frequency experiences a correction second order in V R,
while the lowest perturbative contribution to the remaining
three is O[(V R)4]. Hence, we have Eν, ω̃c � |χ |, |K| if the
system is operated in the regime where the transverse nuclear
spin-photon coupling is close to resonance, i.e., Eν ≈ ω̃c.

The first term in the second line of (19) describes the trans-
verse nuclear spin-photon coupling with coupling strength

gν⊥ = 1

2
gc

A

4

bx

2

εd

4

(
1(

A
4 + 2tc − ωc

)
(2tc − ωc)(Bz − ωc)

+ 1

(2tc − ωd )
(

A
4 − Bz + ωd

)(
A
4 − 2tc + ωd

)). (24)

We point out that gν⊥ ∝ gcAbxεd and, therefore, the trans-
verse nuclear spin photon coupling indeed emerges due to the
fourth-order process illustrated in Fig. 3 and discussed before.
Using A, |ωc − ωd | � tc, ωc, |2tc − ωc|, we can approximate
(24) as

gν⊥ ≈ gcAbxεd

32(2tc − ωc)2(Bz − ωc)
. (25)

The most obvious potential application of the effective
transverse nuclear spin-photon coupling is the coherent exci-
tation exchange between a nuclear spin qubit and microwave
resonator photons. However, this requires strong coupling,
i.e., gν,⊥ > κ, γ ν

φ , where κ is the microwave resonator photon
decay rate and γ ν

φ is the nuclear spin qubit decoherence rate.
In order to assess the possibility to reach the strong coupling
regime, we calculate the coupling strength using system pa-
rameters reported for state-of-the-art devices. Figure 4 shows
a comparison of the effective nuclear spin-photon coupling
strength between the analytical result gν⊥ (24) and the re-
sult gnum

ν⊥ obtained by numerically inspecting the width of
the avoided level crossing between the second and the third

FIG. 4. Effective transverse nuclear-spin photon coupling
strength gν⊥ as a function of the microwave resonator frequency
ωc. The dashed black curve corresponds to the derived expression
for the coupling strength (24), while the solid black line gives the
numerically obtained values for comparison. The green dashed line
gives the longitudinal nuclear spin-photon coupling obtained from
(A16). The two blue lines show the microwave resonator photon
decay rate κ for different resonator quality factors Q, while the
red line indicates an estimate of the nuclear spin decoherence rate
due to hybridization with the charge and spin degree of freedom
obtained as explained in detail in Appendix E 1 for the charge
(electron spin) decay time T τ

1 (T σ
1 ) and decoherence time T τ

2 (T σ
2 )

listed in Appendix E 1. The dashed vertical lines separate parameter
domains with increasing degree of hybridization with excited spin,
charge, and photon states (see text for details). From left to right, the
degree of hybridization is smaller than 0.5%, 1%, 2%, and 3%. The
magenta and blue stars indicate the nuclear spin-photon coupling
strength and the nuclear spin decoherence rate at two different values
of ωc for which the dependency of the nuclear spin decoherence rate
on the ratio T τ

1 /T τ
2 is presented in Figs. 5(a) and 5(b), respectively.

The remaining parameters are 2tc = Bz = 18 µeV, bx = 1.62 µeV,
A/2π = 25 MHz, and gc/2π = (εd/2π )/4 = 13 MHz.

energy level of HR (13). This analysis presumes that in the
immediate vicinity of the avoided crossing only the coupling
between the two involved levels matters such that the width
of the avoided crossing corresponds to two times the mutual
coupling as predicted by a simple two level model. Both the
analytical and the numerical result show a similar behavior in
the considered regime but the analytical result underestimates
the coupling strength.

To gain a better understanding of the origin of the deviation
of our analytical result from the numerical one that increases
with increasing ωc, it is insightful to look at the composition
of the numerically obtained eigenstates (�2 and �3) corre-
sponding to the energy levels showing the avoided crossing.
Thereby we pay particular attention to the combined contribu-
tion of the states |−,↓,⇑, 1〉 and |−,↓,⇓, 0〉 to both �2 and
�3, i.e., Pc

i = |〈−,↓,⇑, 1|�i〉|2 + |〈−,↓,⇓, 0|�i〉|2, i =
2, 3, at the point of the avoided crossing. It turns out that
1 − Pc

i increases with increasing ωc for the parameter regime
considered in Fig. 4, as highlighted by the gray dashed lines
in the figure that separate parameter domains corresponding to
different ranges of 1 − min(Pc

2 , Pc
3 ). This observation explains

the difference between the analytical and the numerical result
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for the coupling strength: a deviation of 1 − min(Pc
2 , Pc

3 ) from
0 implies that the states undergoing the avoided crossing are
not purely given by a hybridization of the unperturbed states
|−,↓,⇑, 1〉 and |−,↓,⇓, 0〉 but also the excited orbital (+)
and electron spin (↑) states as well as states differing from
the unperturbed states with respect to the photon number
contribute increasingly, which is why we refer to the quantity
1 − min(Pc

2 , Pc
3 ) as the degree of hybridization. Since we use

a perturbative approach for the SW transformation, gν⊥ and
gnum

ν⊥ show the best agreement for parameter regimes within
which the degree of hybridization, 1 − min(Pc

2 , Pc
3 ), is close

to 0. In general, the accuracy of gν⊥ can be increased by
including higher order corrections in the perturbative deter-
mination of Heff (A6) at the cost of additional terms and more
complex expressions for the appearing coefficients which is
why our discussion is limited to fourth-order corrections in V R

(15). Nevertheless, the analytical result gν⊥ allows to estimate
the order of magnitude of the effective nuclear spin-photon
coupling strength reliably.

To assess whether the strong nuclear spin-photon coupling
regime is in reach or not, it remains to compare the cou-
pling strength to the microwave resonator decay rate κ and
the nuclear spin qubit state decoherence rate γ ν

φ . The blue
curves in Fig. 4 give the microwave resonator photon decay
rate κ for Q = 105 and Q = 106, where Q = ωc/κ is the
resonator quality factor. While the reported quality factors
Q � 106 require architectures with strong magnetic shielding
[33,34], quality factors Q ≈ 105 are available for setups, as
the one considered in this article, with substantial magnetic
fields [35,36]. Figure 4 shows that κ > gν⊥ for Q = 105 in the
considered parameter domain. Therefore the strong coupling
condition is violated and we see that it requires to increase the
quality factor by at least one order of magnitude to bring κ in
accordance with the strong coupling condition.

In addition, we also check the compatibility of the nu-
clear spin decoherence rate with strong coupling. In order to
do so, the decoherence rate between the nuclear spin qubit
states due to charge decay and dephasing as well as electron
spin decay and dephasing is numerically calculated following
the procedure outlined in detail in Appendix B. Assuming
a state-of-the-art decay time T τ

1 (T σ
1 ) and decoherence time

T τ
2 (T σ

2 ) for the charge (electron spin), we find the nuclear
spin decoherence rate γ ν

φ given by the red curve in Fig. 4.
Obviously, γ ν

φ > gν⊥ such that the strong coupling condition
is again violated.

However, we find that shorter charge decay times, i.e.,
a faster relaxation of the excited charge qubit state to its
ground state at a constant charge decoherence time lead to an
increased nuclear spin decohrence time, as shown in Fig. 5.
The figure unveils that, for the considered system parame-
ters, gν⊥ > γ ν

φ can be realized close to the limiting scenario
T τ

2 = 2T τ
1 . Interestingly, gν⊥ > γ ν

φ is still observed close to
T τ

2 = 2T τ
1 if the charge decoherence time T τ

2 is two orders of
magnitude shorter (red dashed lines in Fig. 5) than the longest
reported ones (red solid lines in Fig. 5).

Finally, we briefly inspect the longitudinal nuclear spin-
photon coupling, because longitudinal coupling has potential
use for qubit readout [37] as well as the implementation two
qubit gates [38–40] and is actively investigated experimentally
[41]. Figure 4 shows the longitudinal coupling strength gν‖

FIG. 5. Nuclear spin decoherence rate γ ν
φ as a function of T τ

1 /T τ
2

for the values of ωc indicated by the magenta (a) and blue (b) stars
in Fig. 4. The points in the insets highlighted with star symbols and
the equally highlighted points in Fig. 4 agree. For both the solid and
the dashed red line, T τ

2 is kept constant while T τ
1 is varied up until

the limiting scenario T τ
2 = 2T τ

1 is approached. In case of the solid
red line (γ φ

ν ) the value of T τ
2 given in the list in Appendix E 1 is

assumed, while a hundred times shorter T τ
2 time is chosen for the red

dashed line (γ̃ ν
φ ). The remaining system parameters are as in Fig. 4.

obtained from Eq. (A16). We find that the transverse gν⊥ and
the longitudinal coupling strength gν‖ are of the same order of
magnitude, while gν‖ < gν⊥. Within the scope of this work,
the potential usage of the longitudinal coupling is not further
investigated.

In summary, for state-of-the-art architectures the strong nu-
clear spin-photon coupling is not in reach because κ exceeds
the effective nuclear spin-photon coupling strength that we
predict to be in the kHz domain. Therefore coherent excita-
tion exchange between a nuclear spin qubit and microwave
resonator photons is not possible. Nevertheless, the derived
transverse nuclear spin-photon coupling can be exploited for
quantum information applications as demonstrated in the next
section.

IV. DISPERSIVE NUCLEAR SPIN GATE

As shown in the previous section, the transverse nuclear
spin-photon coupling is too weak to allow for coherent excita-
tion exchange between a nuclear spin qubit and the microwave
resonator mode on resonance (in the rotating reference frame).
However, in this section, we explore a further possibility to
make use of the effective nuclear spin-photon coupling for
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FIG. 6. Schematic illustration of two driven, unbiased (ε = 0) QDD systems coupled to a microwave resonator mode. The individual QDD
systems are similar to the one presented in Fig. 1. The resonator mediates an interaction between the two nuclear spins of the two distant QDD
systems if the effective coupling between the individual nuclear spins and the resonator photons is tuned to the dispersive regime. A detailed
discussion of the explicit form of the interaction strength gν⊥ between the nuclear spins and its potential for quantum information applications
is provided in Section IV.

a quantum information application. Motivated by the theo-
retical prediction of a microwave resonator photon-mediated
quantum gate between two electron spin qubits dispersively
coupled to the resonator [19], we investigate whether a similar
interaction can be realized between two nuclear spin qubits.
The mentioned dispersive coupling describes a regime in
which the two electron spin qubits are coupled to the resonator
but the qubit frequency and the resonator mode are off-
resonant such that the coherent excitation exchange between
the qubits and the resonator mode is strongly suppressed. This
in turn implies that the resonator is only virtually populated
and, therefore, the photon decay has little impact on the sys-
tem, while, at the same time, the system can be operated in
a regime with gν⊥ > γ ν

φ by approaching the limiting scenario
T τ

2 = 2T τ
1 .

First, the model of the driven QDD system introduced in
Sec. II has to be extended. For simplicity, we assume that
two identical driven nondetuned QDD systems are coupled
to a common microwave resonator as depicted in Fig. 6. The
Hamiltonian of this system can be written as

Ĥ (t ) =
2∑

i=1

(
H (i)

QDD + H (i)
int + H (i)

d (t )
)+ Hcav, (26)

where the index i = 1, 2 labels the two QDD systems and the
labeled terms are obtained from (7)–(9) by the replacements
τβ → τ

(i)
β , σβ → σ

(i)
β and νβ → ν

(i)
β with β ∈ {x, y, z,+,−}.

Starting from this Hamiltonian we follow the procedure that
allowed us to derive the effective nuclear spin-photon cou-
pling. We begin by transforming Ĥ (t ) to a rotating reference
frame defined by

ÛR(t ) = U (1)
R,sys(t )U (2)

R,sys(t )UR,a(t ) (27)

before applying a Schrieffer-Wolff transformation that yields
the effective dynamics of the two nuclear spins interacting
with the resonator photons, i.e., the subspace defined by the

projection operator

P̂0 = 1 − σ (1)
z

2

1 − σ (2)
z

2

1 − τ (1)
z

2

1 − τ (2)
z

2
. (28)

Again, the effective Hamiltonian is determined up to fourth
order in the perturbative expansion to capture the fourth-order
process underlying the transverse nuclear spin-photon cou-
pling. According to the more detailed derivation presented in
Appendix C, the effective Hamiltonian reads

ĤR
ν−ph =

2∑
i=1

[
− Eν

2
ν (i)

z + χν (i)
z a†a + gν⊥

(
ν

(i)
− a + ν

(i)
+ a†

)
+ gν,off (ν (i)

+ a + ν
(i)
− a†) + gν‖ν (i)

z (a + a†)

+ (b̃x + χxa†a)ν (i)
x

]
+ ω̄ca†a + K̄ (a†a)2 + ᾱ9(a + a†)

+ ᾱ11(a2 + (a†)2) + ᾱ12(a†a2 + (a†)2a). (29)

A comparison with (19) shows a similar structure. However,
the coefficients marked by a bar include additional pertur-
bative corrections compared to the ones without the bar in
(19). These additional corrections are given in Appendix C
and originate from processes that involve both QDD systems
and are therefore not present if only one such system interacts
with the resonator mode.

Given two nuclear spins that interact with the same mode
of a microwave resonator as described by the above Hamil-
tonian, it seems apparent that the resonator can mediate an
interaction between the nuclear spins. In order to develop an
intuition for a possible resulting interaction, we consider the
system configuration with the two nuclear spins anti-aligned
and the cavity being empty, i.e., the system is prepared in the
state |⇑(1),⇓(2), 0〉, where the first two entries represent the
nuclear spin state of QDD system 1 and 2 while the last entry
gives the photon occupation number of the resonator mode.

155302-7



JONAS MIELKE AND GUIDO BURKARD PHYSICAL REVIEW B 107, 155302 (2023)

FIG. 7. Schematic illustration of the second-order coupling
mechanisms underlying the effective coupling ζνν⊥ between the
nuclear spins of the two QDD systems (1) and (2) (black dashed
line). The inspection of Ĥeff (29) shows that there are two possible
second-order processes (gray) that couple the two states in black.

A closer look at ĤR
ν−ph (29) unveils that the two second-order

processes sketched in Fig. 7 connect this state to the state with
both nuclear spins flipped. In both cases, the intermediate state
includes the occupation of the resonator mode with a single
photon. However, if the system is operated in the dispersive
nuclear spin-photon coupling regime characterized by a de-
tuning between the cavity mode and the nuclear spin splitting
in the rotating reference frame, the intermediate states are only
virtually populated and the resonator is expected to mediate an
interaction between the nuclear spins without a real interme-
diate population of the resonator mode.

Motivated by this line of reasoning, we aim at deriving an
effective Hamiltonian that captures the interaction between
the nuclear spins of the two QDD systems mediated by an
empty microwave resonator. Starting from ĤR

ν−ph(29), this
means that we are interested in the effective dynamics of the
subspace corresponding to the projection operator

P̂ν−ν
0 = |0〉〈0|, (30)

with |0〉 the resonator vacuum state. Another Schrieffer-Wolff
transformation up to second order in the perturbative expan-
sion (see Appendix C for more details) yields

ĤR
ν−ν = −

2∑
i=1

Ēν

2
ν (i)

z + δĒν ν (1)
z ν (2)

z

+
2∑

i=1

⎛⎝b̄x +
∑
j 
=i

c2ν
( j)
z

⎞⎠ν (i)
x

+ ζνν⊥
(
ν

(1)
+ ν

(2)
− + ν

(1)
− ν

(2)
+
)

+ ζνν‖
(
ν

(1)
+ ν

(2)
+ + ν

(1)
− ν

(2)
−
)
, (31)

with the explicit expressions for all the coefficients listed in
Appendix C. We point put that the interaction term in the third
line agrees with our expectation, and, in particular, that the
corresponding coupling strength

ζνν⊥ = g2
ν⊥

Eν − 2χ − ω̄c − K̄
− g2

ν,off

Eν − 2χ + ω̄c + K̄
, (32)

reflects the two paths shown in Fig. 7.
Next, we transform ĤR

ν−ν (31) to the rotating reference
frame set by the unitary

ÛR1 = exp

[
i

(
−

2∑
i=1

Ēν

2
ν (i)

z

)
t

]
. (33)

Additionally applying the rotating wave approximation to the
transformed Hamiltonian, the nonresonant terms can be ne-
glected and we finally arrive at

ĤR,R1
ν−ν = δĒν ν (1)

z ν (2)
z + ζνν⊥

(
ν

(1)
+ ν

(2)
− + ν

(1)
− ν

(2)
+
)
. (34)

Equipped with the above Hamiltonian it is straightforward to
calculate the corresponding time evolution operator up to a
global phase

Û R,R1
ν−ν (t, 0) =

⎛⎜⎜⎜⎝
1 0 0 0
0 cos (ζνν⊥ t ) −i sin (ζνν⊥ t ) 0
0 −i sin (ζνν⊥ t ) cos (ζνν⊥ t ) 0
0 0 0 1

⎞⎟⎟⎟⎠

×

⎛⎜⎜⎝
e−i2δĒν t 0 0 0

0 1 0 0
0 0 1 0
0 0 0 e−i2δĒν t

⎞⎟⎟⎠, (35)

with the matrix representation chosen according to the basis
{|⇑(1),⇑(2)〉, |⇑(1),⇓(2)〉, |⇓(1),⇑(2)〉, |⇓(1),⇓(2)〉}.

We note that the above time evolution corresponds to
the product of the first matrix in Eq. (35) with a con-
trolled phase gate (CPHASE) up to single qubit rotations.
Besides that, the evolution described by the two matri-
ces in Eq. (35) is governed by two different timescales
characterized by ζνν⊥ and δĒν , respectively. In order
to assess the different timescales, we first recall that
Eν, ω̄c � K̄, χ, ᾱ9, ᾱ11, gν⊥, gνoff , gν‖ because all the coeffi-
cients on the right-hand side of the inequality are determined
by fourth-order correction terms, while the dominant con-
tributions to the coefficients on the left-hand side are
nonperturbative (see the explicit form of all the coefficients
presented in Appendix C). Moreover, the nuclear spins are
dispersively coupled to the microwave resonator photons, i.e.,
|gν,⊥/(Eν − 2χ − ω̄c − K̄ )| ≈ |gν,⊥/(Eν − ω̄c)| � 1. With-
out violating this condition the system can be tuned to
a regime with Eν, ω̄c > |Eν − ω̄c| thereby ensuring a non-
negligible nuclear spin-nuclear spin coupling ζνν⊥ (32). In
this operating regime the first term in (32) gives the dominant
contribution to ζνν⊥. Looking at all the terms contributing to
δĒν (C16) individually, the two terms appearing in the third
line of Eq. (C16) seem to be the dominant ones both with an
absolute value being approximately 1/2 of the absolute value
of the dominant contribution to ζνν⊥, while the absolute values
of all other terms are small compared to the two mentioned
ones. However, the two terms appear with opposite signs and
the nonzero absolute value of their difference |g2

ν⊥/(K̄ − Eν +
ω̄c + 2χ ) · χ/(K̄ − Eν + ω̄c)| is small compared to the dom-
inant contribution to ζνν⊥ because |χ/(K̄ − Eν + ω̄c)| � 1
and, therefore, ζνν⊥ � δĒν . This immediately implies that
the time evolution generated by the second matrix in (35) on
timesscales with δĒνt � 1 is negligible compared to the first
matrix.

Taking the above considerations into account it is easy to
verify that the time evolution realizes a

√
iSWAP gate when
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setting the evolution time to t√iSWAP = π/(4ζνν⊥),

Û R,R1
ν−ν (π/(4ζνν⊥), 0) =

⎛⎜⎜⎝
1 0 0 0
0 1/

√
2 −i/

√
2 0

0 −i/
√

2 1/
√

2 0
0 0 0 1

⎞⎟⎟⎠. (36)

Evolving for twice the time t√iSWAP yields an iSWAP gate
(tiSWAP = π/(2ζνν⊥)):

Û R,R1
ν−ν (π/(2ζνν⊥), 0) =

⎛⎜⎜⎝
1 0 0 0
0 0 −i 0
0 −i 0 0
0 0 0 1

⎞⎟⎟⎠. (37)

The theoretical prediction of the two possible quantum
gates assuming fully coherent evolution is a promising result
but in practice, it matters whether the gates can be realized
in an actual device in the presence of decoherence. In or-
der to answer this question we run numerical simulations
accounting for charge decay and dephasing, electron spin
decay and dephasing, as well as microwave resonator photon
decay, while the intrinsic nuclear spin decay and dephasing
is not included because the corresponding timescale [1–4]
are orders of magnitude longer than those reported for the
aforementioned decoherence processes. Solving the Lindblad
master equation for the full system including the two QDD
systems coupled to the microwave resonator would require
large computational resources due to the large Hilbert space.
To circumvent this problem, we developed an effective deco-
herence model. The detailed description of the construction of
the model is provided in Appendix E and can be summarized
as follows: First, the master equation for a single QDD system
coupled to the microwave resonator is solved for initial den-
sity matrices restricted to the nuclear spin subspace with zero
resonator photons. Then effective decoherence rates assum-
ing a three level model including the two nuclear spin qubit
states and a leakage state are extracted from these results.
We demonstrate that an effective Hamiltonian describing the
interaction of the nuclear spin of the QDD system with the
microwave resonator mode combined with the effective co-
herence rates reproduces the decoherence dynamics of the full
system with high accuracy on the timescale of interest. This
justifies applying the effective decoherence model to the larger
setup with the nuclear spin of two QDD system coupled to the
microwave resonator.

Performing parameters scans over parameter domains
obeying all the introduced restrictions, we find that for the
system parameters mentioned in Appendix E 2 average gate
fidelities F̄gate = 0.90 for the

√
iSWAP gate and F̄gate = 0.80

for the SWAP gate are in reach assuming a cavity quality fac-
tor of Q = 105, T τ

1 = T τ
2 /2, as well as the reported decay and

decohrence times T τ
2 , T σ

1 , and T σ
2 listed in Appendix B. The

envelope of the numerically calculated average gate fidelity in
the rotating reference frame R (the average fidelity oscillates
quickly because we do not apply the subsequent transforma-
tion to the rotating reference frame R1) as a function of time
for both quantum gates is shown in Fig. 8. The plot shows

FIG. 8. Envelope of the average gate fidelity F̄gate for the√
iSWAP and the iSWAP gate as a function of time. The dot-

ted lines correspond to the coherent evolution governed by ĤR =
ÛR(t )Ĥ (t )Û †

R (t ) + i ˙̂UR(t )Û †
R (t ) [see Eqs. (26) and (27)] in both cases

while the solid lines obtained with the effective decoherence model
outlined in Appendix E include decoherence effects. From left to
right, the vertical dashed lines give the optimal gate times extracted
from our numerical simulations for the

√
iSWAP and the iSWAP

gate. For the decoherence model used for this plot, we assume a
cavity quality factor of Q = 105, T τ

1 = T τ
2 /2 and the decay and

decoherence times T τ
2 , T σ

1 , and T σ
2 listed in Appendix B. The system

parameters agree with those given in Appendix E 2.

that the gate times for the
√

iSWAP and the iSWAP gate
are t√iSWAP = 3.44 ms and tiSWAP = 7.97 ms, respectively.
Moreover, the curves for the coherent evolution approaching a
gate fidelity of 1 support the reasoning that the time evolution
generated by the second matrix in (35) is negligible on the
considered timescale.

The predicted gate times of the order of several mil-
liseconds approve that the intrinsic nuclear spin decay and
decoherence characterized by times exceeding tens of seconds
[1–4] can be neglected in the numerical simulations.

Another question that arises due to the long gate times
is whether the results found in this work persist in the pres-
ence of the counter rotating terms neglected in the presented
analysis by applying the RWA. To address this question, the
coherent evolution of the full system composed of two DQD
systems coupled to a microwave resonator with and without
the RWA applied is compared in Appendix D and, thereby, we
conclude that it is indeed justified to apply the RWA for the set
of system parameters for which we find the best average gate
fidelities for the iSWAP and the

√
iSWAP gate.

V. CONCLUSION

We provided a theoretical study of a hybrid QDD archi-
tecture consisting of a gate-defined Si quantum dot and a
thereto laterally displaced phosphorous donor atom implanted
in the Si host material in particular with regard to its poten-
tial use for quantum information applications. Our analysis
showed that periodically driving the QDD detuning allows
to compensate the frequency mismatch between the donor
nuclear spin-splitting and the microwave resonator frequency.
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Thus resonant nuclear spin-photon coupling is possible. How-
ever, our analysis unveiled that the strong coupling regime
is not in reach preventing the coherent excitation exchange
between the nuclear spin and the photons. Nevertheless, us-
ing realistic parameters, we demonstrated that dispersively
coupling the nuclear spins of two driven QDD system to a
microwave resonator allows the implementation of a nuclear
spin

√
iSWAP and iSWAP gate mediated by virtual resonator

photons with an average gate fidelity exceeding F̄gate = 0.90
and 0.80, respectively. These numbers were obtained from
elaborate numerical simulations accounting for charge decay
and dephasing, electron spin decay and dephasing, as well as
resonator photon decay.
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APPENDIX A: EFFECTIVE HAMILTONIAN NUCLEAR
SPIN-PHOTON COUPLING

The fundamental challenge to perform a Schrieffer-Wolff
transformation is the determination of the generator S of the
unitary transformation eS . It is a reliable strategy to use a
perturbative expansion S =∑∞

n=1 Sn where Sn is an operator
of nth order in the perturbation. Choosing this ansatz it can be
shown that the first three contributions to S have to obey the
following relations [31]:[

HR
0 , S1

] = V R
od, (A1)[

HR
0 , S2

] = −[V R
d , S1

]
, (A2)[

HR
0 , S3

] = −[V R
d , S2

]+ 1
3

[
S1,
[
S1,V R

od

]]
, (A3)

with

V R
d = P0V

RP0 + Q0V
RQ0, (A4)

and

V R
od = P0V

RQ0 + Q0V
RP0, (A5)

the block diagonal and the block off-diagonal parts of V R

(15), respectively. The defining conditions (A1)–(A3) together
with the known commutation relations for the Pauli operators
and the photonic creation and annihilation operators allow
the determination of S1-S3, which in turn are sufficient to
compute the effective Hamiltonian governing the dynamics of
the subspace set by P0 up to fourth order in the perturbation
V R[31],

HR
ν−ph = P0HR

0 P0 + V RP0 +
4∑

n=2

HR,(n)
ν−ph , (A6)

with

HR,(2)
ν−ph = 1

2 P0
[
S1,V R

od

]
P0, (A7)

HR,(3)
ν−ph = 1

2 P0
[
S2,V R

od

]
P0, (A8)

HR,(4)
ν−ph = 1

2 P0
[
S3,V R

od

]
P0 − 1

24 P0
[
S1,
[
S1,
[
S1,V R

od

]]]
P0.

(A9)

The specific form of the effective Hamiltonian describing
the dynamics of the nuclear spin of the driven QDD system
interacting with microwave resonator photons is given by

HR
ν−ph = −Eν

2
νz + (ω̃c + χνz )a†a + K (a†a)2

+ gν⊥(ν−a + ν+a†) + gν,off (ν+a + ν−a†)

+ gν‖νz(a + a†)

+ (b̃x + χxa†a)νx + α9(a + a†)

+ α11(a2 + (a†)2) + α12(a†a2 + (a†)2a). (A10)

We find analytical expressions for all the coefficients appear-
ing in the above Hamiltonian:

Eν = A

4
+ Ab2

xε
2
d

8(2tc − ωd )2[A2 − 16(Bz − ωd )2]
+ A2ε2

d

256(Bz − ωd )(2tc − ωd )2
, (A11)

ω̃c = ωc − ωd − g2
c

2tc − ωc
− g4

c

(2tc − ωc)3
+ [g2

c

{− (A4[2tc − ωc][2tc − ωd ]2)

+ 4A2
(
4B2

z [2tc − ωc][2tc − ωd ]2 + Bz
{
8g2

c[2tc − ωd ]2 − [2tc − ωc]
(
8ωc[2tc − ωd ]2 + ε2

d [−4tc + ωc + ωd ]
)}

− 8g2
cωc[2tc − ωd ]2 + ωc[2tc − ωc]

{
4ωc[2tc − ωd ]2 + ε2

d [−4tc + ωc + ωd ]
})

− 64[Bz − ωc]2
(− 2b2

x[2tc − ωc][2tc − ωd ]2 + 8Bzg
2
c[2tc − ωd ]2 + Bzε

2
d [2tc − ωc][4tc − ωc − ωd ]

− 8g2
cωc[2tc − ωd ]2 − ωcε

2
d [2tc − ωc][4tc − ωc − ωd ]

)}]
/[32[ωc − Bz][2tc − ωc]3[2tc − ωd ]2{16[Bz − ωc]2 − A2}], (A12)

χ = Ag2
c

[
A3 − 16A(Bz − ωc)2 + 32b2

x(Bz − ωc)
]

32(Bz − ωc)(2tc − ωc)2[16(Bz − ωc)2 − A2]
, (A13)

gν⊥ = 1

2
gc

A

4

bx

2

εd

4

(
1(

A
4 + 2tc − ωc

)
(2tc − ωc)(Bz − ωc)

+ 1

(2tc − ωd )
(

A
4 − Bz + ωd

)(
A
4 − 2tc + ωd

)), (A14)
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gν,off = 1

2
gc

A

4

bx

2

εd

4

(
1

(2tc − ωc)
(

A
4 − Bz + ωc

)(
A
4 − 2tc + ωc

) + 1

(Bz − ωd )(2tc − ωd )
(

A
4 + 2tc − ωd

)), (A15)

gν‖ = Agcεd

256

(
A3 + 32b2

x(Bz − ωc) − 16A(Bz − ωc)2

(−A2 + 16(Bz − ωc)2)(Bz − ωc)(2tc − ωc)2
+ A3 + 32b2

x(Bz − ωd ) − 16A(Bz − ωd )2

(−A2 + 16(Bz − ωd )2)(Bz − ωd )(2tc − ωd )2

)
, (A16)

K = g4
c

(2tc − ωc)3
, (A17)

b̃x = Abxε
2
d

(
A2 − 4A(2tc − ωd ) + 32(Bz − ωd )(2tc − ωd )

)
64(ωd − Bz )(2tc − ωd )(A − 4Bz + 4ωd )(16(2tc − ωd )2 − A2)

, (A18)

χx = Abxg2
c

(
A2 − 4A(2tc − ωc) + 32(Bz − ωc)(2tc − ωc)

)
4(ωc − Bz )(2tc − ωc)(A − 4Bz + 4ωc)(16(2tc − ωc)2 − A2)

, (A19)

α9 = gcεd

768[2tc − ωc]2

[
6

[2tc − ωd ]3

{
ε2

d

−4t2
c [ωc + 11ωd ] + 4tcωd [ωc + 5ωd ] + 2ωcω

2
d − 3ω2

cωd + 32t3
c + ω3

c − 4ω3
d

2tc + ωc − 2ωd

− 64b2
x[2tc − ωd ]A2 −Bz

(−4tc[ωc + ωd ] + 8t2
c + ω2

c + ω2
d

)+ 4t2
c [ωc + ωd ] − 8tcωcωd + ωcωd [ωc + ωd ]

(A2 − 16[Bz − ωc]2)(A2 − 16[Bz − ωd ]2)

− 1024b2
x[2tc − ωd ][Bz − ωc][Bz − ωd ]

Bz
(−4tc[ωc + ωd ] + 8t2

c + ω2
c + ω2

d

)− 4t2
c [ωc + ωd ] + 4tc

[
ω2

c + ω2
d

]− ω3
c − ω3

d

(A2 − 16[Bz − ωc]2)(A2 − 16[Bz − ωd ]2)

}
+ 48A2 B2

z

(−4tc[ωc + ωd ] + 8t2
c + ω2

c + ω2
d

)− Bz
(
4t2

c [3ωc + ωd ] − 4tc
[
ωcωd + 2ω2

c + ω2
d

]+ ωcω
2
d + 2ω3

c + ω3
d

)
[Bz − ωd ][ωd − 2tc]2(A2 − 16[Bz − ωc]2)

+ 48A2
(
ωc
{
4t2

c [ωc + ωd ] − 4tc
[
ω2

c + ω2
d

]+ ω3
c + ω3

d

})− 3A4[ωc − 2tc]2

[Bz − ωd ][ωd − 2tc]2(A2 − 16[Bz − ωc]2)

+ 3A4

[Bz − ωc](16[Bz − ωc]2 − A2)
+ 24g2

c

−2tc[7ωc + 9ωd ] − ωcωd + 32t2
c + 4ω2

c + 5ω2
d

[ωd − 2tc]2(2tc − ωc)

+ 96[ωc − 2tc]2[−4tc + ωc + ωd ]

(2tc − ωd )(2tc − ωc)

]
, (A20)

α11 = 1

2
g2

c

(εd

4

)2
(

− 1

(2tc − ωc)(ωd − 2tc)2
+ 2

(2tc − ωc)2(ωd − 2tc)
− 4

(2tc − ωc)2(−2tc − ωc + 2ωd )

+ 1

(2tc − ωc)2(2tc − 2ωc + ωd )

)
, (A21)

α12 = 1

2
g3

c

εd

4

(
2

(2tc − ωc)(ωd − 2tc)2
+ 1

(2tc − ωc)3
+ 1

(2tc − ωc)2(2tc − 2ωc + ωd )

)
. (A22)

APPENDIX B: NUCLEAR SPIN DECOHERENCE RATE

In order to numerically estimate the nuclear spin decoher-
ence, or, more precisely, the decoherence rate of the nuclear
spin states hybridized with excited charge (+) and electron
spin (↑) states, we start with the Hamiltonian for the driven
QDD system in the rotating reference frame:

HR
sys = UR,sys(t )[HQDD + Hd(t )]U †

R,sys(t )

+ iU̇R,sys(t )U †
R,sys(t )

= 2tc − ωd

2
τz + Bz − ωd

2
σz + A

8
σzνz

− bx

2
(σ+τ− + σ−τ+) + A

4
(σ+ν−τ− + σ−ν+τ+)

− εd

4
(τ+ + τ−). (B1)

Appropriately tuning the parameters of the Hamiltonian re-
sults in a situation where the two lowest eigenstates, �sys,1 and
�sys,2, are predominantly the states with anti-aligned nuclear
spin while the excited charge (+) and electron spin (↑) states
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contribute only weakly. This is exactly the regime considered
in Sec. III. For the investigation of the strong coupling con-
dition for nuclear spin photon coupling, the decoherence rate
between these two states has to be checked. Therefore, in the
first step, the unitary operator Usys that diagonalizes HR

sys is
determined and we find the diagonalized form of HR

sys,

HR
sys,diag = UsysH

R
sysU

†
sys. (B2)

Equipped with the diagonalized Hamiltonian, the nuclear spin
decoherence dynamics arising due to charge decay and de-
phasing, as well as electron spin decay and dephasing as a
result of the small contribution of the excited orbital and spin
states to �sys,1 and �sys,2 can be inferred from a phenomeno-
logical approach based on a Lindblad master equation:

Given a charge qubit with energy splitting Eτ interact-
ing with its environment such that charge decay and charge
dephasing occur, these effects can be phenomenologically

reproduced by the Lindblad master equation,

ρ̇τ (t ) = −i

[
Eτ

2
τz, ρ

τ (t )

]
+ γ τD[τ−]ρτ (t )

+ γ τ
φ

2
D[τz]ρ

τ (t ), (B3)

with the dissipator superoperator D[L]ρ(t ) = Lρ(t )L† −
1
2 (ρ(t )L†L + L†Lρ(t )), the charge decay rate γ τ and the
charge dephasing rate γ τ

φ . The solution for this equation for
a general initial density matrix,

ρτ (0) =
(

ρτ
−−(0) ρτ

−+(0)
ρτ

+−(0) ρτ
++(0)

)
, (B4)

expressed with respect to the basis of charge qubit states
{|−〉, |+〉} reads

ρτ (t ) =
(

ρτ
−−(0) + ρτ

++(0)(1 − e−γ τ t ) ρτ
−+(0)eiEτ t e−(γ τ

φ + γ τ

2 )t

ρτ
+−(0)e−iEτ t e−(γ τ

φ + γ τ

2 )t ρτ
++(0)e−γ τ t

)
. (B5)

The population of the excited charge state ρτ
++(t ) de-

cays exponentially with the corresponding decay time T τ
1 =

2π/γ τ . Similarly, the decay of the coherences, ρτ
−+(t ) and

ρτ
+−(t ), defines the decoherence time T τ

2 = 2π/(γ τ
φ + γ τ

2 ).
Closely inspecting the expressions for T τ

1 and T τ
2 , one

observes T τ
2 � 2(2π/γ τ ) = 2T τ

1 , i.e., T τ
2 is limited by

T τ
1 . Within the scope of this work we use reported val-

ues for the decay T τ
1 and decoherence times T τ

2 . These
two values are phenomenologically reproduced by choos-
ing the decay and decoherence rates as γ τ = 2π/T τ

1 and
γ τ

φ = 2π (1/T τ
2 − 1/2T τ

1 ), respectively. In the limiting case,
T τ

2 = 2T τ
1 , one has γ τ

φ = 0.
Obviously, the same reasoning can be applied to an elec-

tron spin qubit with energy splitting Eσ , electron spin decay
time T σ

1 (γ σ = 2π/T σ
1 ) and electron spin decoherence time

T σ
2 (γ σ

φ = 2π (1/T σ
2 − 1/2T σ

1 )). Therefore we argue that the
Lindblad master equation,

ρ̇sys(t ) = −i[HQDD + Hd(t ), ρsys(t )]

+ γ τD[τ−]ρsys(t ) + γ τ
φ

2
D[τz]ρsys(t )

+ γ σD[σ−]ρsys(t ) + γ σ
φ

2
D[σz]ρsys(t ), (B6)

phenomenologically captures the decoherence dynamics due
to charge decay and dephasing as well as electron spin decay
and dephasing of the driven QDD system with corresponding
density matrix ρsys. The above master equation does not ac-
count for intrinsic nuclear spin decay and dephasing because
the reported nuclear spin decay and decoherence times of
ionized 31P donors in isotopically purified Si exceed tens of
seconds [1–4] are orders of magnitude larger than those for
the charge and electron spin degree of freedom. In order to
model the decoherence dynamics in the rotating reference
frame defined by UR,sys(t ) (11), we multiply both sides of

Eq. (B6) with UR,sys(t ) from the left and U †
R,sys(t ) from the

right. In this way, the left-hand side of (B6) transforms as

UR,sys(t )ρ̇sys(t )U †
R,sys(t )

= d

dt
(UR,sys(t )ρsys(t )U †

R,sys(t ))

− U̇R,sys(t )ρsys(t )U †
R,sys(t ) − UR,sys(t )ρsys(t )U̇ †

R,sys(t )

= d

dt
(UR,sys(t )ρsys(t )U †

R,sys(t ))

+ i

[
− ωd

(
τz

2
+ σz

2

)
,UR,sys(t )ρsys(t )U †

R,sys(t )

]
= d

dt

(
ρR

sys(t )
)+ i

[
iU̇R,sys(t )U †

R,sys(t ), ρR,sys
sys (t )

]
, (B7)

where we made use of the explicit form of UR,sys(t ) (11) in the
last two steps and introduced the density matrix in the rotating
reference frame ρR

sys(t ) = UR,sys(t )ρsys(t )U †
R,sys(t ).

It is straightforward to verify that the orbital operators obey
the transformation rules

τz → τz,

τ+ → eiωd tτ+, (B8)

τ− → e−iωd tτ−,

and, that the analogous electron spin operators behave simi-
larly. Keeping this in mind, the transformation of the charge
decay and dephasing term to the rotating reference frame
yields

UR(t ){D[τz]ρsys(t )}U †
R (t )

= UR(t )τzU
†
R (t )UR(t )ρsys(t )U †

R (t )UR(t )τzU
†
R (t )

− 1
2

(
UR(t )ρsys(t )U †

R (t )UR(t )τzU
†
R (t )UR(t )τzU

†
R (t )

+UR(t )τzU
†
R (t )UR(t )τzU

†
R(t )UR(t )ρsys(t )U †

R(t )
)
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= τzρ
R
sys(t )τz − 1

2

(
ρR

sys(t )τzτz + τzτzρ
R
sys(t )

)
= D[τz]ρ

R
sys(t ), (B9)

and

UR(t ){D[τ−]ρsys(t )}U †
R(t )

= UR(t )τ−U †
R(t )UR(t )ρsys(t )U †

R(t )UR(t )τ+U †
R(t )

− 1
2

(
UR(t )ρsys(t )U †

R(t )UR(t )τ+U †
R(t )UR(t )τ−U †

R (t )

+UR(t )τ+U †
R (t )UR(t )τ−U †

R(t )UR(t )ρsys(t )U †
R(t )
)

= e−iωd tτ−ρR
sys(t )eiωd tτ+

− 1
2

(
ρR

sys(t )eiωd tτ+e−iωd tτ−

+eiωd tτ+e−iωd tτ−ρR
sys(t )

)
= D[τ−]ρR

sys(t ), (B10)

respectively. Again, the analogous electron spin terms behave
similarly. Finally, with the help of (B7), (B9), (B10), and (B1),
the master equation in the rotating reference frame reads

ρ̇R
sys(t ) = −i

[
HR

sys, ρ
R
sys(t )

]
+ γ τD[τ−]ρ(t ) + γ τ

φ

2
D[τz]ρ

R
sys(t )

+ γ σD[σ−]ρR
sys(t ) + γ σ

φ

2
D[σz]ρ

R
sys(t ). (B11)

This master equation can be further transformed to the basis
that diagonalizes HR

sys:

ρ̇R
sys,diag(t ) = −i

[
HR

sys,diag, ρ
R
sys,diag(t )

]
+ γ τD[Usysτ−U †

sys]ρ
R
sys,diag(t )

+ γ τ
φ

2
D[UsysτzU

†
sys]ρ

R
sys,diag(t )

+ γ σD[Usysσ−U †
sys]ρ

R
sys,diag(t )

+ γ σ
φ

2
D[UsysσzU

†
sys]ρ

R
sys,diag(t ), (B12)

with ρR
sys,diag(t ) = Usysρ

R
sys(t )U †

sys. With the help of the above
master equation the decoherent time evolution of the sys-
tem initialized in a coherent superposition of the two
lowest eigenstates |�sys(0)〉 = 1√

2
(|�sys,1〉 + |�sys,2〉), i.e.,

ρR
sys,diag(0) = |�sys(0)〉〈�sys(0)|, can be numerically deter-

mined. Then the decoherence rate γ ν
φ between the states

�sys,1 and �sys,2 is encrypted in the time evolution of f (t ) =
Tr[|�sys,1〉〈�sys,2|ρR

sys,diag(t )]. A fit of | f (t )| with the fit func-

tion 1
2 exp(− γ ν

φ

2π
t ) reveals the searched decoherence rate. For

the calculation of the decoherence rates presented in Fig. 4,
state-of-the-art values reported for the decay and decoherence
times of charge and electron spin qubits realized in 28Si /SiGe
heterostructures are assumed: [42–45]

2π/γ τ = T τ
1 = 45 µs [42],

2π/γ τ
φ = T τ,∗

2 = 0.06 µs [43],
2π/γ σ = T σ

1 = 1 s [44],
2π/γ σ

φ = T σ
2 = 3 ms [45].

APPENDIX C: EFFECTIVE HAMILTONIAN COUPLED
NUCLEAR SPIN QUBITS

In order to derive an effective Hamiltonian that describes
the interaction of the nuclear spins of two similar driven
QDD systems with a microwave resonator mode, we follow
the procedure outlined in the Secs. II and III as well as Ap-
pendix A. The system Hamiltonian Ĥ (t ) (26) is transformed
to the rotating reference frame set by ÛR(t ) (27):

ĤR = ÛR(t )Ĥ (t )Û †
R (t ) + i ˙̂UR(t )Û †

R (t )

= ĤR
0 + V̂ R, (C1)

whereby the result can be partitioned in a diagonal part ĤR
0

and an off-diagonal part V̂ R,

ĤR
0 =

2∑
i=1

[
2tc − ωd

2
τ (i)

z + Bz − ωd

2
σ (i)

z + A

8
σ (i)

z ν (i)
z

]
+ (ωc − ωd )a†a, (C2)

V̂ R =
2∑

i=1

[
−bx

2

(
σ

(i)
+ τ

(i)
− + σ

(i)
− τ

(i)
+
)− gc(τ (i)

+ a + τ
(i)
− a†)

+A

4

(
σ

(i)
+ ν

(i)
− τ

(i)
− + σ

(i)
− ν

(i)
+ τ

(i)
+
)− εd

4
(τ (i)

+ + τ
(i)
− )

]
.

(C3)

As the next step, we apply a Schrieffer-Wolff transformation
to find an effective Hamiltonian describing the dynamics of
the nuclear spins interacting with the resonator mode, i.e.,
the subspace defined by the projection operator P̂0 (28). Con-
sidering terms up to fourth order in the perturbation V̂ R, we
find

ĤR
ν−ph =

2∑
i=1

[
− Eν

2
ν (i)

z + χν (i)
z a†a + gν⊥

(
ν

(i)
− a + ν

(i)
+ a†

)
+ gν,off

(
ν

(i)
+ a + ν

(i)
− a†

)+ gν‖ν (i))
z (a + a†)

+ (b̃x + χxa†a)ν (i)
x

]
+ ω̄ca†a + K̄ (a†a)2 + ᾱ9(a + a†)

+ ᾱ11(a2 + (a†)2) + ᾱ12(a†a2 + (a†)2a). (C4)

This effective Hamiltonian has a similar structure as the
one derived for the single QDD system interacting with the
microwave resonator HR

ν−ph (A10). The various coefficients
agree with those given in the Eqs. (A11)–(A22) unless marked
with a bar. In the latter case, the coefficients are supplemented
by additional perturbative corrections originating from pro-
cesses that involve both QDD systems:

ω̄c = 2ω̃c − (ωc − ωd ) + 2g4
c

(2tc − ωc)3

+ g2
cε

2
d

6

(
1

(2tc − ωc)(2tc − ωd )2

+ 1

(2tc − ωc)2(2tc − ωd )

)
, (C5)
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K̄ = 2K + 4g4
c

3(2tc − ωc)3 , (C6)

ᾱ9 = 2α9 + 17g3
cεd

48(2tc − ωc)3 + gcε
3
d

96(2tc − ωd )3

+ 8g3
cεd + gcε

3
d

32(2tc − ωc)(2tc − ωd )2 + 11g3
cεd

48(2tc − ωc)2(2tc − ωd )
,

(C7)

ᾱ11 = 2α11 + g2
cε

2
d

24

(
1

(2tc − ωc)(2tc − ωd )2

+ 1

(2tc − ωc)2(2tc − ωd )

)
, (C8)

ᾱ12 = 2α12 + g3
cεd

6

(
1

(2tc − ωc)3 + 3

(2tc − ωc)2(2tc − ωd )

)
.

(C9)

1. Effective nuclear spin interaction
In order to perform a Schrieffer-Wolff transformation that

yields an effective Hamiltonian for the subspace defined by
the projection operator P̂ν−ν

0 , we first have to divide ĤR
ν−ph

in a diagonal part (ĤR
ν−ph,0), the block off-diagonal perturba-

tion (V̂ R
ν−ph,od) and the block diagonal perturbation (V̂ R

ν−ph,d)
according to the description of the formalism in Appendix A.
Ĥ0 is given by

ĤR
ν−ph,0 =

2∑
i=1

[
−Eν

2
ν (i)

z + χν (i)
z

{ ∞∑
n=1

n|n〉〈n|
}]

+ ω̄c

{ ∞∑
n=1

n|n〉〈n|
}

+ K̄

{ ∞∑
n=1

n2|n〉〈n|
}

, (C10)

with the resonator mode photon number states
|n〉, n = 0, 1, 2, . . .. Using the projection operators P̂ν−ν

0
and Q̂ν−ν

0 = 1 − P̂ν−ν
0 , we find

V̂ R
ν−ph,d = P̂ν−ν

0 (Ĥeff − Ĥ0)P̂ν−ν
0 + Q̂ν−ν

0 (Ĥeff − Ĥ0)Q̂ν−ν
0

=
2∑

i=1

[
gν⊥

(
ν

(i)
−

{ ∞∑
n=2

√
n|n − 1〉〈n|

}
+ ν

(i)
+

{ ∞∑
n=2

√
n|n〉〈n − 1|

})
+ gν,off

(
ν

(i)
+

{ ∞∑
n=2

√
n|n − 1〉〈n|

}

+ ν
(i)
−

{ ∞∑
n=2

√
n|n〉〈n − 1|

})
+ gν‖ν (i)

z

{ ∞∑
n=2

√
n(|n − 1〉〈n| + |n〉〈n − 1|)

}
+
(

b̃x + χx

{ ∞∑
n=1

n|n〉〈n|
})

ν (i)
x

]

+ ᾱ9

{ ∞∑
n=2

√
n(|n − 1〉〈n| + |n〉〈n − 1|)

}
+ ᾱ11

{ ∞∑
n=3

√
n(n − 1)(|n − 2〉〈n| + |n〉〈n − 2|)

}

+ ᾱ12

{ ∞∑
n=2

(n − 1)
√

n(|n − 1〉〈n| + |n〉〈n − 1|)
}

(C11)

and

V̂ R
ν−ph,od = P̂ν−ν

0 (Ĥeff − Ĥ0)Q̂ν−ν
0 + Q̂ν−ν

0 (Ĥeff − Ĥ0)P̂ν−ν
0

=
2∑

i=1

[
gν⊥
(
ν

(i)
− |0〉〈1| + ν

(i)
+ |1〉〈0|)

+gν,off
(
ν

(i)
+ |0〉〈1| + ν

(i)
− |1〉〈0|)

+gν‖ν (i))
z (|0〉〈1| + |1〉〈0|)]

+ ᾱ9(|0〉〈1| + |1〉〈0|)
+ ᾱ11

√
2(|0〉〈2| + |2〉〈0|). (C12)

At this point we introduce a photon number cutoff nmax by
discarding all summands with n > nmax in the infinite sums
in (C10)–(C12). This simplifies the determination of the gen-
erator of the Schrieffer-Wolff transformation and finally the
effective Hamiltonian. We note that all the perturbative cor-
rections contributing to the effective Hamiltonian originate
from coupling sequences, as the ones shown in the Figs. 3
and 7, with the initial and final state in the subspace set
by P̂ν−ν

0 and at least one intermediate state in the subspace

defined by Q̂ν−ν
0 . Therefore any of the coupling sequences

is at least second order in V̂ R
ν−ph,od and coupling sequences

of length ls are at most (ls − 2)th order in V̂d. The length ls
of such a coupling sequence sets the order in the perturba-
tion V̂ R

ν−ph = V̂ R
ν−ph,od + V̂ R

ν−ph,d with which the corresponding
term contributes to the effective Hamiltonian. In the present
case V̂od couples states in the subspace corresponding to P̂ν−ν

0
to states with at most two photons in the subspace set by Q̂ν−ν

0
implying that the first and the last intermediate states in the
subspace defined by Q̂ν−ν

0 in any sequence is at most a two
photon state. On the other hand V̂d contains couplings that
either raise or lower the photon number by at most two. For a
given length ls there are sequences with the first and the last
intermediate state being a two photon state and the remaining
intermediate states all lying in the subspace defined by Q̂0 and,
therefore, the remaining ls − 2 couplings are all governed by
V̂ R

ν−ph,d. Assuming that ls is even, (ls − 2)/2 of the remaining
couplings can sequentially raise the photon number of the
intermediate states by two, such that the (ls/2)th intermediate
state is a 2 + 2[(ls − 2)/2] photon state. Then, the remaining
(ls − 2)/2 couplings have to lower the photon number by two
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sequentially to reach the last intermediate state, a two photon
state. This train of thoughts shows that, in the present case,
states with photon numbers larger than 2 + 2[(ls − 2)/2] do
not affect the result of the Schrieffer-Wolff transformation up
to lsth order in the perturbation V̂ R

ν−ph for even ls. In a similar
way, one finds that this holds for states with photon number
2 + 2[({ls − 1} − 2)/2] for odd ls. Thus, for a Schrieffer-
Wolff transformation up to ls-th order in the perturbation V̂ ,
we can set the photon number cutoff

nmax =
{

2 + 2[(ls − 2)/2] for ls even
2 + 2[({ls − 1} − 2)/2] for ls odd

(C13)

without affecting the result obtained for the effective Hamil-
tonian due to the chosen cutoff. Hence, for the determination
of the effective Hamiltonian up to second order in the
perturbation V̂ , it is sufficient to consider two photons and
we find

ĤR
ν−ν = −

2∑
i=1

Ēν

2
ν (i)

z + δĒν ν (1)
z ν (2)

z

+
2∑

i=1

⎛⎝b̄x +
∑
j 
=i

c2ν
( j)
z

⎞⎠ν (i)
x

+ ζνν⊥
(
ν

(1)
+ ν

(2)
− + ν

(1)
− ν

(2)
+
)

+ ζνν‖
(
ν

(1)
+ ν

(2)
+ + ν

(1)
− ν

(2)
−
)
, (C14)

with

Ēν = Eν − g2
ν⊥

K̄ − Eν + ωc
+ g2

ν,off

K̄ + Eν + ωc

− ᾱ2
11

2(2K̄ − 2χ + ω̄c)
+ ᾱ2

11

2(2K̄ + 2χ + ω̄c)

− (ᾱ9 − 2gν‖)2

2(K̄ − 2χ + ω̄c)
+ (ᾱ9 + 2gν‖)2

2(K̄ + 2χ + ω̄c)
, (C15)

δĒν = ᾱ2
9

2(K̄ + ω̄c)
+ ᾱ2

11

2(2K̄ + ω̄c)
− ᾱ2

11

4(2K̄ + 2χ + ω̄c)

− ᾱ2
11

4(2K̄ − 2χ + ω̄c)

− g2
ν⊥

2(K̄ − Eν + ω̄c)
+ g2

ν⊥
2(K̄ − Eν + ω̄c + 2χ )

− g2
ν,off

2(K̄ + Eν + ω̄c)
+ g2

ν,off

2(K̄ + Eν − 2χ + ω̄c)

− (ᾱ9 − 2gν‖)2

4(K̄ − 2χ + ω̄c)
− (ᾱ9 + 2gν‖)2

4(K̄ + 2χ + ω̄c)
, (C16)

b̄x = b̃x + ᾱ9gν⊥
4(−K̄ + Eν − ω̄c)

+ gν⊥(ᾱ9 + 2gν‖)

4(−K̄ + Eν − 2χ − ω̄c)

+ gν,off (ᾱ9 − 2gν‖)

4(−K̄ + 2χ − ω̄c)
+ gν,off (2gν‖ − ᾱ9)

4(K̄ + Eν − 2χ + ω̄c)

− ᾱ9(gν⊥ + gν,off )

4(K̄ + ω̄c)
− ᾱ9gν,off

4(K̄ + Eν + ω̄c)

− gν⊥(ᾱ9 + gν‖)

4(K̄ + 2χ + ω̄c)
, (C17)

c2 = − ᾱ9gν⊥
4(−K̄ + Eν − ω̄c)

+ gν⊥(ᾱ9 + 2gν‖)

4(−K̄ + Eν − 2χ − ω̄c)

− gν,off (ᾱ9 − 2gν‖)

4(−K̄ + 2χ − ω̄c)
− gν,off (2gν‖ − ᾱ9)

4(K̄ + Eν − 2χ + ω̄c)

+ ᾱ9(gν⊥ − gν,off )

4(K̄ + ω̄c)
− ᾱ9gν,off

4(K̄ + Eν + ω̄c)

− gν⊥(ᾱ9 + gν‖)

4(K̄ + 2χ + ω̄c)
, (C18)

ζνν⊥ = g2
ν⊥

Eν − 2χ − ω̄c − K̄
− g2

ν,off

Eν − 2χ + ω̄c + K̄
, (C19)

ζνν,off = gν⊥gν,off

Eν − ω̄c − K̄
− gν⊥gν,off

Eν + ω̄c + K̄
. (C20)

APPENDIX D: JUSTIFICATION OF THE ROTATING WAVE
APPROXIMATION (RWA)

The small effective coupling between two nuclear spins
and the resulting long gate times for the

√
iSWAP and the

iSWAP quantum gates imposes the question whether the rotat-
ing wave approximation underlying the reasoning in the main
text is still justified.

First, we note that H̃DQD [Eq. (1)], H̃int [Eq. (2)], and H̃d

[Eq. (3)] transformed to the |±〉 basis without applying the
RWA read

H̆QDD = 1

2

[
2tcτz + Bzσz + A

4
σzνz − bxσxτx

]
+ A

8
σzνzτx + A

4
(σ+ν− + σ−ν+)(1 + τx ), (D1)

H̆int = −gc(a + a†)τx, (D2)

H̆d (t ) = −εd

2
cos (ωdt )τx. (D3)

Hence, two identical driven QDD systems interacting with
the same microwave resonator can be modelled by the
Hamiltonian

Ȟ (t ) =
2∑

i=1

(
H̆ (i)

QDD + H̆ (i)
int + H̆ (i)

d (t )
)+ Hcav. (D4)

In line with the discussion in the main text this Hamiltonian
can be transformed to the rotating reference frame defined by
ÛR(t ) [Eq. (27)]:

ȞR(t ) = ÛR(t )Ȟ (t )Û †
R (t ) + i ˙̂UR(t )Û †

R (t )

=
2∑

i=1

(
H̆R,(i)

QDD (t ) + H̆R,(i)
int (t ) + H̆R,(i)

d (t )
)+ H̆R

cav,

(D5)

with

H̆R,(i)
QDD (t ) = 1

2

[
(2tc − ωd )τ (i)

z + (Bz − ωd )σ (i)
z

+ A

4
σ (i)

z ν (i)
z − bx

(
σ

(i)
+ eiωd t + σ

(i)
− e−iωd t

)
× (τ (i)

+ eiωd t + τ
(i)
− e−iωd t

)]
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+ A

8
σ (i)

z ν (i)
z

(
τ

(i)
+ eiωd t + τ

(i)
− e−iωd t

)
+ A

4

(
σ

(i)
+ eiωd tν

(i)
− + σ

(i)
− e−iωd tν

(i)
+
)

× (1 + τ
(i)
+ eiωd t + τ

(i)
− e−iωd t

)
, (D6)

H̆R,(i)
int (t ) = −gc(ae−iωd t + a†eiωd t )

× (τ (i)
+ eiωd t + τ

(i)
− e−iωd t

)
, (D7)

H̆R,(i)
d (t ) = −εd

2
cos(ωdt )(τ (i)

+ eiωd t + τ
(i)
− e−iωd t

)
, (D8)

H̆R
cav = (ωc − ωd )a†a. (D9)

Equations (D6) to (D9) unveil that ȞR(t ) is periodic in time,
i.e., ȞR(t ) = ȞR(t + T ), with period T = 2π/ωd . We make
use of this property by applying Floquet theory [46] to nu-
merically calculate the stroboscopic time evolution operator
for integer multiples of the period T ,

Ǔ R
t (nT ) = [Ǔ R

t (T )
]n

. (D10)

Equipped with the stroboscopic time evolution operator, it
is straightforward to determine the stroboscopic transition
probabilities

P(i→ j)
noRWA(nT ) = 〈 j|Ǔ R

t (nT )|i〉, (D11)

with i, j ∈ {1, 2, 3, 4}. The numbers label the four lowest
energy eigenstates of H̆ (1)

QDD + H̆ (2)
QDD that correspond to the

four combinations of nuclear spin states for two QDD sys-
tems, i.e., |1〉=̂|⇑(1),⇑(2)〉, |2〉=̂|⇑(1),⇓(2)〉, |3〉=̂|⇓(1),⇑(2)〉,
and |4〉=̂|⇓(1),⇓(2)〉. It is noteworthy that these states are not
affected by the transformation to the rotating reference frame
at the considered stroboscopic instances in time because

ÛR(nT ) = 1. (D12)

Figure 9(a) shows that, qualitatively, one observes the
expected behavior without applying the RWA: there is pop-
ulation transfer between the states with anti-aligned nuclear
spins, while the population of the states with parallel nuclear
spins remains constant.

For a more quantitative comparison between the time evo-
lution with and without the RWA applied, we also introduce
the transition probabilities in case that the RWA is applied

P(i→ j)
RWA (nT ) = 〈 j|e−iĤRnT |i〉, (D13)

with ĤR defined in (C1). Here, the states with i, j ∈
{1, 2, 3, 4} are the four lowest energy eigenstates of
H (1)

QDD + H (2)
QDD and can be identified by the nuclear spin states

as above. Finally, we define the transition probability differ-
ence between the time evolution with and without the RWA,∣∣�P(i→ j)(nT )

∣∣ = ∣∣P(i→ j)
noRWA(nT ) − P(i→ j)

RWA (nT )
∣∣. (D14)

This quantity is plotted in Fig. 9(b). One observes that the
deviation between the two cases does not exceed ≈1% for
times smaller than the gate time of the iSWAP gate (to the left
of the second dashed vertical red line). Therefore we conclude
that it is justified to apply the RWA in the context of this work.

FIG. 9. (a) Transition probability between the various nuclear
spin states (as indicated in the legend) without the RWA applied
plotted as a function of the evolution time. (b) Difference in the
transition probabilities between the time evolution governed by the
Hamiltonian with and without the RWA applied. In both plots, the
first and second vertical dashed red lines indicate the gate times for
the

√
iSWAP and iSWAP gates found in Appendix E 2, respectively.

The system parameters are the ones listed in Appendix E 2.

APPENDIX E: EFFECTIVE DECOHERENCE MODEL

We aim at numerically determining the average gate fi-
delity for both the iSWAP and the

√
iSWAP gate in the

presence of decoherence effects. Thereby we again choose
the phenomenological approach introduced in Appendix B
in order to consider charge decay and dephasing, electron
spin decay and dephasing as well as resonator photon decay.
However, solving the Lindblad master equation for the full
system consisting of two QDD systems each contributing
with a charge, a electron spin and a nuclear spin degree of
freedom as well as the microwave resonator mode with photon
numbers from 0 up to a cutoff number would require large
computational resources due to the large Hilbert space. There-
fore we first consider only a single nuclear spin of a QDD
system dispersively interacting with the resonator mode. The
master equation for this system can be numerically solved
with reasonable computational effort. In the next step, we
demonstrate that the decoherence dynamics of the system
initialized in the nuclear spin subspace can be modelled by
a three level model including the two nuclear spin states and a
leakage state with high accuracy.
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The effective decoherence model is then applied to the
relevant configuration with the nuclear spins of two QDD
systems dispersively interacting with the microwave resonator
mode. Using this effective decoherence model allows the de-
termination of the average gate fidelity for the

√
iSWAP and

the iSWAP quantum gate between the two nuclear spin qubits
in the presence of decoherence effects.

1. Effective nuclear spin decoherence model of a single QDD
system interacting with a cavity mode

We note that switching the drive on (εd 
= 0) and off
(εd = 0) corresponds to switching the nuclear spin-photon
coupling on and off. Therefore implementing the

√
iSWAP

or the iSWAP gate corresponds to driving both QDD systems
for the associated gate time. That, in turn, implies that the
qubit states are given by the two lowest energy eigenstates of
HQDD (7). It is straightforward to verify that the qubit states
are indeed the nuclear spin states |−,↓,⇑〉 and |−,↓,⇑〉.
A transformation of the qubit states to the rotating reference
frame yields

UR,sys(t )|−,↓,⇑ (⇓)〉 = e−iωd t |−,↓,⇑ (⇓)〉. (E1)

Since both states acquire the same phase independent of the
nuclear spin orientation, all results obtained in the rotating
reference frame for the nuclear spin subspace are also valid
in the laboratory frame.

Following the line of argument outlined in Appendix B,
we find that the decoherence dynamics of the QDD system
interacting with the resonator mode in the rotating reference
frame are described by the Lindblad master equation

ρ̇R(t ) = − i[HR, ρR(t )] + γ τD[τ−]ρR(t ) + γ τ
φ

2
D[τz]ρ

R(t )

+ γ σD[σ−]ρR(t ) + γ σ
φ

2
D[σz]ρ

R(t ) + κD[a]ρR(t ),

(E2)

that, in addition to (B11) also accounts for the decay of
resonator photons with rate κ . Within the scope of this
work we are interested in the decoherence dynamics of ini-
tial states prepared in the qubit subspace once the drive
and, therefore, the dispersive nuclear spin-photon coupling
is switched on. We label the initial density matrix restricted
to the qubit subspace and zero resonator photons, i.e., the
space spanned by the set {|−,↓,⇑, 0〉|−,↓,⇓, 0〉}, by ρ0 and
depict it with a red square. For the following discussion, the

three specific choices for ρ0 listed hereafter are of particular
relevance:

ρ
⇑
0 = |−,↓,⇑〉〈−,↓,⇑| =

(
1 0
0 0

)
, (E3)

ρ
⇓
0 = |−,↓,⇓〉〈−,↓,⇓| =

(
0 0
0 1

)
, (E4)

ρ
φ

0 =
( |−,↓,⇑〉 + |−,↓,⇓〉√

2

)( 〈−,↓,⇑| + 〈−,↓,⇓|√
2

)
= 1

2

(
1 1
1 1

)
. (E5)

Given ρ0, the initial density matrix taking into account the
entire space ρR(t = 0) can be schematically represented in
block form as shown in Fig. 10(a), where all entries ex-
cept the ones in the red block (≡ ρ0), that is part of the
bigger green block, are vanishing. The green (blue) block
are defined in Fig. 10 b(c). According to the defintions the
green and blue block correspond to the subspace spanned
by the set {|−,↓,⇑, n〉, |−,↓,⇓, n〉|n = 0, 1, 2, . . . }, and
the subspace spanned by the set {|−,↑, i, n〉, |+, s, i, n〉|n =
0, 1, 2, . . . ; s =↑,↓; i =⇑,⇓}, respectively, while the gray
blocks give the coherences between the green and the blue
block. The time evolution of the initial density matrix ρR(t )
can be determined by solving the master equation (E2) numer-
ically. Again, we represent the corresponding density matrix
in block form as illustrated in Fig. 10(d), where, in general,
all the blocks have non vanishing entries. Within the scope
of the dispersive two-qubit nuclear spin gate, the nuclear
spin-photon coupling is tuned to the dispersive regime. Fur-
thermore also the applied drive is off-resonant with the charge
transition (|−〉 ↔ |+〉). Thus we expect that there is only a
small population transfer from the subspace framed in red to
the remainder of the green block and to the blue block.

Therefore we expect that the dynamics of the nuclear spin
qubit subspace can be effectively modelled by a three level
model involving the two qubit states, |⇑〉 and |⇓〉, as well
as a leakage state |leak〉. Within this model we allow for
population transfer between the nuclear spin qubit states with
rates γ⇓→⇑ and γ⇑→⇓, dephasing between the qubit states with
corresponding rate γφ , as well as population transfer from
both qubit states to the leakage state characterized by the rates
γ⇓→leak and γ⇑→leak, as illustrated in Fig. 11. Assuming a
diagonal Hamiltonian defined by the energies E⇑, E⇓, Eleak,
the decoherence dynamics of the three level model with re-
spect to the basis {|⇑〉, |⇓〉, |leak〉} are described by the master
equation

ρ̇mod(t ) = −i

⎡⎣⎛⎝E⇑ 0 0
0 E⇓ 0
0 0 Eleak

⎞⎠, ρmod(t )

⎤⎦+ γ⇓→⇑D

⎡⎣⎛⎝0 1 0
0 0 0
0 0 0

⎞⎠⎤⎦ρmod(t ) + γ⇑→⇓D

⎡⎣⎛⎝0 0 0
1 0 0
0 0 0

⎞⎠⎤⎦ρmod(t )

+ γφ

2
D

⎡⎣⎛⎝−1 0 0
0 1 0
0 0 0

⎞⎠⎤⎦ρmod(t ) + γ⇑→leakD

⎡⎣⎛⎝0 0 0
0 0 0
1 0 0

⎞⎠⎤⎦ρmod(t ) + γ⇓→leakD

⎡⎣⎛⎝0 0 0
0 0 0
0 1 0

⎞⎠⎤⎦ρmod(t ). (E6)

The above master equation can be solved analytically and,
thus, allows to find analytical expressions for the time

evolution of the system initially prepared in each of the qubit
states and also for the equal superposition of the two qubit
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FIG. 10. Schematic illustration and definition of the various density matrices and their individual blocks utilized in the effective decoher-
ence model outlined in this Appendix (Appendix E 2 ).

states. The resulting density matrices after the decoherent time
evolution are labeled in the way defined in Fig. 10(e).

Aiming at finding the effective decoherence rates that allow
to model the dynamics of the full system with the three level
model with high accuracy, we first describe how the different
rates can be obtained from the solutions ρ

⇓
mod(t ), ρ

⇑
mod(t ), and

ρ
φ

mod(t ) [see Fig. 10(e)] of the master equation (E6) and later
apply these findings to obtain the effective rates.

First, we find that the ratio cγ = γ⇑→⇓/γ⇓→⇑ can be ex-
tracted from the time evolved density matrices for different

initial states

ρ
⇑
mod;⇓,⇓(t )

ρ
⇓
mod;⇑,⇑(t )

= γ⇑→⇓
γ⇓→⇑

= cγ for t 
= 0, (E7)

where ρ
β

mod;i, j (t ) with β ∈ {⇑,⇓, φ} and i, j ∈ {⇑,⇓, leak}
labels the matrix element of the respective density matrix:

ρ
β

mod(t ) =
∑
i, j

ρ
β

mod;i, j (t )|i〉〈 j|. (E8)
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FIG. 11. Effective three level decoherence model involving the
two nuclear spin states, |−,↓, ⇑〉 and |−,↓, ⇓〉, and a leakage state
|leakage〉. The model allows for transitions between the two nuclear
spin states with corresponding rates γ⇓→⇑ and γ⇑→⇓. Moreover,
there is leakage of population from the nuclear spin subspace to
the leakage state with nuclear spin dependent rates γ⇑leak and γ⇓leak.
Furthermore the model includes the dephasing between the nuclear
spin states determined by the dephasing rate γφ . All the rates are ex-
tracted from the decoherent time evolution determined by the master
equation (E2) for initial density matrices restricted to the nuclear spin
subspace.

In addition, the density matrices also provide information
about the ratio between the difference of the leakage rates and
γ⇑→⇓

ρ
⇑
mod;leak,leak (t ) − ρ

⇓
mod;leak,leak (t )

ρ
⇑
mod;⇓,⇓(t )

= γ⇑→leak − γ⇓→leak

γ⇑→⇓

= γleak−diff

γ⇑→⇓
= cγ leak for t 
= 0. (E9)

Furthermore, we find that

ρ
⇑
mod;⇑,⇑(t )

ρ
⇓
mod;⇓,⇓(t )

= cγ (1 + etb)b − (−1 + cγ + cγ cγ leak )(−1 + etb)γ⇑→⇓
cγ (1 + etb)b + (−1 + cγ + cγ cγ leak )(−1 + etb)γ⇑→⇓

,

(E10)

with

b =
√

γ 2
⇑→⇓[cγ (cγ [cγ leak + 1]2 − 2cγ leak + 2) + 1]

c2
γ

, (E11)

as a function of time is fully determined by the parameters
cγ , cγ leak, and γ⇑→⇓ of which the first two are already deter-
mined by (E7) and (E9), such that using the right-hand side
of (E10) as a fit function for the time evolution of the ratio
ρ

⇑
mod;⇑,⇑(t )/ρ⇓

mod;⇓,⇓(t ) with fitting parameter γ⇑→⇓ yields the
value of γ⇑→⇓. Thereby, also γ⇓→⇑ is determined as γ⇓→⇑ =
γ⇑→⇓/cγ according to (E7). As a next step, we note that the
analytical form of the matrix element ρ

⇑
mod;⇓,⇓(t ) reads

ρ
⇑
mod;⇓,⇓(t )

= e−t
γ⇑→⇓+cγ (d+2γ⇓→leak+γ⇑→⇓+cγ leakγ⇑→⇓ )

2cγ (−1 + etd )γ⇑→⇓
d

,

(E12)

with

d =
√

γ 2
⇑→⇓

1 − 2cγ (−1 + cγ leak ) + c2
γ (1 + cγ leak )2

c2
γ

.

(E13)

Obviously, following the previous discussion, γ⇓→leak is the
only undetermined parameter defining the time evolution of
the matrix element. Thus using the right-hand side of (E12) as
a fit function for ρ

⇑
mod;⇓,⇓(t ) allows to determine γ⇓→leak. At

the same time, also γ⇑→leak = cγ leakγ⇑→⇓ + γ⇓→leak is spec-
ified because cγ leak and γ⇑→⇓ have been obtained before. In
a similar fashion γφ can be obtained from a fit of ρ

φ

mod;⇑,⇓(t )
because

ρ
φ

mod;⇑,⇓(t ) = 1
2 eit(E⇓−E⇑)e−t

γ⇑→⇓+γ⇓→⇑+γ⇑→leak+γ⇓→leak+2γφ

2

(E14)

and, in particular,∣∣ρφ

mod;⇑,⇓(t )
∣∣ = 1

2 e−t
γ⇑→⇓+γ⇓→⇑+γ⇑→leak+γ⇓→leak+2γφ

2 , (E15)

holds.
As the next step we numerically solve the master equa-

tion (E2) for initial density matrices of the form given in
Fig. 10(a) with ρ0 = ρ

⇑
0 , ρ

⇓
0 , ρ

φ

0 and denote the resulting den-
sity matrices by ρR,⇑(t ), ρR,⇓(t ), and ρR,φ (t ), respectively.
Any density matrix ρR(t ), and, in particular, the three just
mentioned ones, can be written as

ρR(t ) =
∑

k,k′,l,l ′
m,m′,n,n′

ρR
(k,l,m,n),(k′,l ′,m′,n′ )(t )|k, l, m, n〉〈k′, l ′, m′, n′|

(E16)

with k, k′ ∈ {−,+}; l, l ′ ∈ {↓,↑}; m, m′ ∈ {⇑,⇓}; n, n′ =
0, 1, 2, . . . , and the matrix elements ρR

(k,l,m,n),(k′,l ′,m′,n′ )(t ) with
respect to the chosen basis.

In order to extract the effective decoherence rates defining
the three level model from the numerically obtained solutions
for ρR(t ), we identify specific matrix elements of the three
level model with matrix elements of the full system in the
following way:

ρ
⇑(⇓)
mod;⇓,⇓(t ) → ρ

R,⇑(⇓)
(−,↓,⇓,0),(−,↓,⇓,0)(t ),

ρ
⇑(⇓)
mod;⇑,⇑(t ) → ρ

R,⇑(⇓)
(−,↓,⇑,0),(−,↓,⇑,0)(t ),

ρ
⇑(⇓)
mod;leak,leak (t ) →

∑
k,l,m,n

(k,l,n)
=(−,↓,0)

ρ
R,⇑(⇓)
(k,l,m,n),(k,l,m,n)(t ),

ρ
φ

mod;⇑,⇓(t ) → ρ
R,φ

(−,↓,⇑,0),(−,↓,⇓,0)(t ). (E17)

Using this identification, we follow the detailed discussion
outlined earlier in this Appendix and determine the effective
decoherence rates.

We can now compare the decoherence dynamics generated
by the effective low dimensional system with those of the full
system for initial density matrices restricted to the nuclear
spin subspace and an empty resonator in order to check the
accuracy of the effective model. In Sec. III, we have de-
rived the effective nuclear spin-photon Hamiltonian HR

eff (19).
However, for the numerical analysis the effective Hamiltonian
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H̊R
eff is used to increase the accuracy. The derivation of this

effective Hamiltonian involves an additional step compared to
the derivation of Heff . As the additional step we find the uni-
tary UQDD that diagonalizes HQDD transformed to the rotating
reference frame, i.e.,

UQDD(t )
(
UR,sys(t )HQDDU †

R,sys(t )

+iU̇R,sys(t )U †
R,sys(t )

)
U †

QDD(t )

is a diagonal operator. Here, it is important to point out
that the nuclear spin qubit states |−,↓,⇑〉 and |−,↓,⇓〉 are
eigenstates of HQDD transformed to the rotating reference
frame, and, therefore, constitute two of the basis states of
the basis set by UQDD. Thus the projection operator P0 (18)
is still identifying the subspace whose dynamics we want to
describe with an effective Hamiltonian. The advantage of the
transformation to the basis set by UQDD lies in the fact that
the magnetic field gradient [first term in V R (15)] and the
hyperfine interaction [third term in V R (15)] are no longer
treated as a perturbation when applying a Schrieffer-Wolff
transformation in the following way. First, HR is transformed
to the basis defined by UQDD,

H̊R = UQDDHRU †
QDD, (E18)

then H̊R is split in a diagonal contribution H̊R
0 and an off-

diagonal part V̊ R. The two parts are defined as

H̊R
0 =

8∑
s=1

∞∑
n=0

〈s, n|H̊R|s, n〉|s, n〉〈s, n|, (E19)

where the first entry of |s, n〉 labels the eight states of the basis
defined by UQDD while n gives the resonator photon number,
and

V̊ R = H̊R − H̊R
0 . (E20)

Then, we follow the discussion presented in Appendix A by
using the replacements HR

0 → H̊R
0 and V R → V̊ R to numer-

ically determine the effective Hamiltonian H̊R
eff up to sixth

order in the perturbation V̊ R. Thereby the photon number
space is restricted to 0 to 6 photons to allow the numerical
treatment.

At this point, an effective master equation that is expected
to reproduce the decoherence dynamics of the nuclear spin
subspace interacting with the cavity mode with high accuracy
if the system is initialized in the nuclear spin subspace and an
empty resonator can be set up,

˙̊ρR
eff (t ) = −i

[
H̊eff ⊕ Eleak|leak〉〈leak|, ρ̊R

eff (t )
]

+ γ⇓→⇑D[ν+]ρ̊R
eff (t ) + γ⇑→⇓D[ν−]ρ̊R

eff (t )

+ γφ

2
D[νz]ρ̊

R
eff (t )

+ γ⇑→leakD
[ ∞∑

n=0

|leak〉〈⇑, n|
]
ρ̊R

eff (t )

+ γ⇓→leakD
[ ∞∑

n=0

|leak〉〈⇓, n|
]
ρ̊R

eff (t ), (E21)

where we have introduced the energy of the leakage state
Eleak. However, since the following analysis does not involve
the coherences between the leakage state and the rest of the
Hilbert space, the value of Eleak can be chosen arbitrarily and
we choose to set it to 0 in our simulations.

In analogy to Fig. 10(a), the relevant initial density matri-
ces within the scope of this work can schematically be written
as illustrated in Fig. 10(f), where the green block defined in
Fig. 10(g) represents the same subspace as its counterpart
in Fig. 10(a), and the one-dimensional leakage subspace is
illustrated by the orange block specified in Fig. 10(h).

It remains to check whether (E21) indeed reproduces the
decoherence dynamics generated by (E2) reliably. In order
to do that the density matrices ρR(t ) and ρ̊R

eff (t ) obtained for
ρR(0) and ρ̊R

eff (0) both determined by the same ρ0 have to be
compared in some way. Since ρR(t ) and ρ̊R

eff (t ) have different
dimension there is no straightforward way to calculate the
trace distance or the fidelity between the two states. This work
focuses on the interaction dynamics between the nuclear spin
qubit states and the microwave resonator, i.e., the green block
in the schematic representation of the density matrices, while
only the total population but not the exact form of the blue
block in Fig. 10(d) matters. Besides that also the coherences
(gray blocks) between the green and the blue block of ρR(t )
as well as the green and the orange block of ρ̊R

eff (t ) are not
relevant here. Following this line of argument, we introduce
the mapping presented in Fig. 12 that maps ρR(t ) and ρ̊R

eff (t )
to the matrices ρR

map(t ) and ρ̊R
eff,map(t ) of the same dimension

with trace 1. The latter property is ensured by introducing the
dark blue block that corresponds to the sum of all populations
of the blue block as defined in Fig. 10(i).

Before finally comparing ρR
map(t ) and ρ̊R

eff,map(t ), we note
that ρ0 is the density matrix of a nuclear spin qubit and,
therefore, any possible ρ0 can be written as

ρ0 = 1 + �a · �ν
2

with |�a| � 1, (E22)

characterized by the Bloch vector �a. Then the fidelity between
the quantum states ρR

map(t ) and ρ̊R
eff,map(t ) for a given initial

state characterized by the Bloch vector �a and after decoherent
time evolution from 0 to t reads [47]

F (�a, t ) = tr

√[
ρR

map(�a, t )
] 1

2 ρ̊R
eff,map(�a, t )

[
ρR

map(�a, t )
] 1

2 .

(E23)

However, we want the effective model to model the deco-
herent time evolution of any initial state characterized by ρ0

accurately, wherefore we define the average fidelity as

F̄ (t ) = 1
4
3π

∫ 1

0

∫ 2π

0

∫ π

0
F (�a, t )a2 sin(θ ) da dφ dθ, (E24)

with �a expressed in spherical coordinates, �a =
|�a|(cos(φ) sin(θ ), sin(φ) sin(θ ), cos(θ )), and use this quantity
as a measure for the accuracy of the introduced effective
model.

Figure 13 shows the average infidelity, 1 − F̄ , for the
coherent time evolution in black and the decoherent time
evolution in green. In both cases, the infidelity is far below
1% for the considered timescale that exceeds the gate time of
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FIG. 12. Schematic representation of the mapping that allows to compare the dynamics of the full system with those of the effective model.
First, the initial density matrices ρR(0) and ρ̊R

eff (0) are both determined by a given ρ0 (red square). Then, the initial states evolve according to
the Lindblad master equations (E2) and (E21), respectively. As a next step, the light blue block is mapped to the one-dimensional dark blue
block, whereby the entry of the latter is given by the trace of the light blue block [see Fig. 10(i)]. In addition, the coherences (gray blocks)
between the green and the dark blue as well as the coherences between the green and the orange block are set to zero. The exact definitions of
the various blocks are given in Appendix E 1.

the
√

iSWAP and iSWAP gate. Therefore we conclude that the
effective decoherence model indeed reproduced the decoher-
ence dynamics of the full system for initial states defined by
ρ0 on timescales relevant for this work reliably.

2. Effective decoherence dynamics nuclear spin gate

As a next step the effective model for the decoherence
dynamics of a single nuclear spin qubit realized in a QDD
system interacting with a microwave resonator is employed to

FIG. 13. Average infidelity (E24) of the states ρR
map(t ) and

ρ̊R
eff,map(t ) as a function of time for coherent evolution (black) and

evolution taking into account decoherence effects (green). The in-
fidelity is far below 1% on the considered timescale that exceeds
both the gate time for the

√
iSWAP gate (left vertical red dashed

line) and the gate time for the iSWAP gate (right vertical red dashed
line). These gate times are obtained from numerical simulations
as described in Appendix E 2. For the decoherence model used
for this plot, we assume a cavity quality factor of Q = 105, T τ

1 =
T τ

2 /2 and the decay and decoherence times T τ
2 , T σ

1 , and T σ
2 listed

in Appendix B. The system parameters agree with those given in
Appendix E 2.

predict the decoherence dynamics of the effective interaction
between two nuclear spin qubits mediated by the microwave
resonator and, thus, ultimately allows to obtain estimates for
the fidelity of

√
iSWAP and the iSWAP gate.

In line with the discussion Appendix E 1, we transform ĤR

to the basis that diagonalizes H (1)
QDD and H (2)

QDD transformed to
the rotating reference,

H̆R = U (1)
QDDU (2)

QDDĤR
(
U (1)

QDDU (2)
QDD

)†
, (E25)

to increase the accuracy of the effective Hamiltonian obtained
by applying a Schrieffer-Wolff transformation subsequently.
Again, the subspace defined by P̂0 is not affected by the basis
transformation. With respect to the basis set by U (1)

QDDU (2)
QDD,

the diagonal part of H̆R reads

H̆R
0 =

8∑
s(1),s(2)=1

∞∑
n=0

[〈
s(1), s(2), n

∣∣H̆R
∣∣s(1), s(2), n

〉
× ∣∣s(1), s(2), n

〉〈
s(1), s(2), n

∣∣], (E26)

with s(1) and s(2) labeling the eight eigenstates of H (1)
QDD and

H (2)
QDD transformed to the rotating frame, respectively. Then,

the off-diagonal perturbation is given by

V̆ R = H̆R − H̆R
0 . (E27)

Using these two definitions, we follow the reasoning in Ap-
pendix C to numerically obtain the effective Hamiltonian
H̆R

ν−ph capturing the interaction of the two nuclear spin qubits
interacting with the microwave resonator up to sixth order
in the perturbation V̆ R. Finally, we can set up the effective
master equation for the two nuclear spin qubits interacting
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with the microwave resonator:

˙̆ρR
ν−ph(t ) = −i

[
H̆R

ν−ph ⊕ Eleak|leak〉〈leak|, ρ̆R
ν−ph(t )

]+ 2∑
i=1

[
γ⇓→⇑D

[
ν

(i)
+
]
ρ̆R

ν−ph(t ) + γ⇑→⇓D
[
ν

(i)
−
]
ρ̆R

ν−ph(t ) + γφ

2
D
[
ν (i)

z

]
ρ̆R

ν−ph(t )

]

+ γ⇑→leakD
[ ∞∑

n=0

(|leak〉〈⇑,⇑, n| + |leak〉〈⇑,⇓, n|)
]
ρ̆R

ν−ph(t ) + γ⇑→leakD
[ ∞∑

n=0

(|leak〉〈⇑,⇑, n| + |leak〉〈⇓,⇑, n|)
]

× ρ̆R
ν−ph(t ) + γ⇓→leakD

[ ∞∑
n=0

(|leak〉〈⇓,⇑, n| + |leak〉〈⇓,⇓, n|)]ρ̆R
ν−ph(t ) + γ⇓→leakD

[ ∞∑
n=0

(|leak〉〈⇑,⇓, n|

+ |leak〉〈⇓,⇓, n|)
]
ρ̆R

ν−ph(t ). (E28)

In the dispersive nuclear spin-photon coupling regime, we
expect an effective interaction between the nuclear spin qubits
mediated by virtual resonator photons, as discussed in detail in
Sec. IV. In particular, the coherent time evolution can realize
a

√
iSWAP and an iSWAP quantum gate. In order to assess

decoherence effects on the gate fidelity, a closer investigation
of the zero photon subspace of ρ̆R

ν−ph(t ) is necessary. This
corresponds to the projection

ρ̆R,sub
ν−ph (t ) = Psubρ̆

R
ν−ph(t )Psub, (E29)

with

Psub =
∑

ν (1),ν (2)∈{⇑,⇓}

∣∣ν (1), ν (2), 0
〉〈
ν (1), ν (2), 0

∣∣. (E30)

Equation (E29) represents a trace-nonpreserving quantum
map. This property has to be taken into account when calcu-
lating the average gate fidelity F̄gate for the system initialized
in the subspace defined by Psub because the usual approach
to calculate the average fidelity [48,49] requires a trace pre-
serving quantum map. However, this approach has recently
been modified to allow for trace-nonpreserving quantum maps
[50], and, thus, provides us with a way to quantify the impact
of decoherence effects on the desired quantum gate. In the
numerical simulations we determine the average gate fidelity
as a function of evolution time for a given set of parameters
characterizing the system. The evolution time for which we

find the maximal average fidelity for the desired gate is then
chosen as the gate time. Moreover we perform parameters
scans within the range of parameters satisfying all the assump-
tions and requirements discussed in the main text. These scans
unveil that choosing the system parameters

Bz = 17.525 µeV,

A

2π
= 25 MHz,

ωc

2π
= 4.23 GHz,

ωd

2π
= ωc

2π
− 1

4

A

2π
+ δωd

2π
,

δωd

2π
= 136 kHz,

bx = 0.0517 µeV,
gc

2π
= 2.418 MHz,

tc = 9 µeV,

εd

2π
= 8.46 MHz,

enables a
√

iSWAP gate with F̄gate = 0.90 and gate time
t√iSWAP = 3.44 ms. For the same choice of parameters, we
find an iSWAP gate with F̄gate = 0.80 and gate time tiSWAP =
7.97 ms.
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